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Abstract

The computation of detonation waves in heterogeneous explosives involves compressible multiphase mixtures due to
the chemical decomposition of the energetic material as well as its heterogeneous initial formulation. Also material in-
terfaces are present between the explosive and the surrounding inert or reactive materials. We develop a new method for the
modelling of interface problems and multiphase mixtures in the particular limit where phases pressures and velocities relax
towards equilibrium very fast. This method is a variant of the discrete equations for multiphase mixtures proposed by
Abgrall and Saurel [J. Comput. Phys. 186 (2) (2003) 361]. The new discrete model is adapted to reacting flows with mass,
momentum and energy transfer. The model is based on the pure material equation of state only (no mixture equation of
state is used) for the computation of the reaction zone of detonation waves. The algorithm is full Eulerian and fulfills
interface conditions between mixtures and pure materials automatically. It is validated over a set of difficult test problems
with exact solution and its multi-dimensional capabilities are shown over problems involving a large number of materials.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Computation of detonation waves in condensed energetic materials involves many fundamental prob-
lems. Among them, two are related to continuum mechanics and thermodynamics modelling and numerical
resolution. The first one is due to the multiphase feature of the condensed energetic material involving
several compressible phases (solid and gas). The second problem is related to the presence of material
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interfaces. Indeed, the explosive is always confined by other inert materials and the detonation dynamics
depends on the interactions of the various waves propagating into the explosive mixture and interacting
with the surrounding materials. These interface problems require an accurate numerical treatment.

Regarding the first problem, the multiphase feature is due to the decomposition of the condensed phase
to gaseous products. So, this mixture has a physico-chemical origin. Determination of the basic thermo-
dynamic properties of this mixture imply many difficulties. Usually, the basic flow model is composed of the
Euler equations augmented by several species conservation equations. Closing this kind of model requires
an equation of state (EOS) for the mixture, which is based on the pure substances EOS. The EOS for the
condensed material is of Mie-Gruneisen type, whose parameters are determined from the experimental
Hugoniot curve. Regarding the gas phase equation of state, two instances have to be considered.

If the reaction is very fast, the reaction zone is very thin (a few microns) and the available mechanical
energy for propulsion devices is low compared to the one of the gas products outside the reaction zone. This
is the case for most conventional applications. The reaction zone has to be resolved because it is responsible
for the detonation dynamics, but a detailed description of this zone is not necessary. A reduced gas phase
equation of state of Mie—Gruneisen type can be determined easily with the help of thermochemical codes
[4,16].

As soon as the two equations of state for pure substances (solid and gas) are available, it is possible to
build the equation of state of the mixture, also of Mie—Gruneisen type. But two equilibrium assumptions
between the two phases are needed: pressure and temperature equilibrium or pressure and density equi-
librium, etc. These types of thermodynamic closure assumptions suffer from a lack of physical validity.

In the case of thick reaction zones (from 1 mm up to 1 m), an accurate determination of the flow
variables in this zone is mandatory. The multi-component reactive material contains several solid chemical
species that consume with very different characteristic times, yielding a multi-component solid—gas mixture
whose composition varies strongly. This is a non-equilibrium phenomenon, non-isentropic, and that cannot
be computed with a thermo-chemical code. The thermodynamic gas properties must be computed with a
theoretical equation of state (BKW, virial expansions), which requires the knowledge of the gas compo-
sition and its thermodynamic variables (internal energy, density). These thermodynamic variables are not
available with conventional flow models because only the mixture energy and density can be computed
from the Euler equations. Thus, it is necessary to adopt another flow model.

Another reason for not using the Euler equations is that the building of a mixture equation of state is
quite impossible when the solid phase is governed by an EOS and the gas phase is governed by another
EOS, which is function of gas thermodynamic variables and gas composition.

Consequently, our first motivation for a multiphase flow model for detonations is based on mixture
thermodynamics considerations. This was underlined in [3,9,21,22,31,32,34].

Consider now the second problem involving interfaces between compressible materials. An explosive is
always confined by other inert materials. It is important to determine accurately the propulsive effects that
have strong coupling effects with the detonation dynamics. This second topic poses fundamental compu-
tational challenges related to the creation of artificial fluid mixtures. Such artificial mixtures appear when
the interface separating two fluids takes place in an arbitrary position into the computational cell. The
thermodynamic properties (equation of state parameters for example) being different from one fluid to the
other and function only of the pure fluid thermodynamic variables (density and internal energy) their use
with the mixture density and internal energy is problematic. Indeed the Euler equations allow us only the
determination of these mixture thermodynamic variables.

With Lagrangian or tracking methods, the interface coincides with the cell boundary. With Eulerian
methods, the interface has an arbitrary location inside the cell and extra ingredients have to be introduced
into the method or model (or both). In spite of this fundamental difficulty, Eulerian methods are attractive
because of their simplicity and efficiency. The second issue addressed by this paper is precisely the com-
putation of interface problems with Eulerian methods.
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For the past decade, considerable efforts have been done in this direction. We refer to the papers by
Benson [8], Saurel and Abgrall [32] and the references herein for an overview.

The use of Eulerian methods has been initiated by Karni [23], Abgrall [1], Karni [24], Shyue [36], Saurel
and Abgrall [32], Fedkiw et al. [14], Saurel and Abgrall [33], Abgrall and Saurel [2]. Two kinds of methods
can be exhibited in these references.

Fedkiw’s strategy is based on the level set method. The resolution of interface problems and detonations is
obtained by the same methodology, which uses ghost cells, mimicking boundary conditions on discontinuities.

The other approach is based on a multiphase modelling of the entire flow [2,33,34]. This approach is
more complicated that the previous one because there are much more equations in the system of partial
differential equations (PDEs) and non-conservative terms are present. However, this approach allows the
determination of the thermodynamics of each phase of the mixture. This method is able to deal with the
first goal of this paper, that is to say physical fluid mixtures due to chemical decomposition, as well as
artificial mixtures, the second issue. In these references, a model able to deal with physical mixtures as well
as with artificial ones was proposed. The non-conservative terms were considered and discretizations based
on physical considerations were proposed. The numerical approximations were derived by considering a
uniform flow with respect to velocities and pressures of the different phases, and the idea was to keep such
wave structure invariant by the scheme. Such approximations are valid for interfaces, which correspond to
volume fraction discontinuities in this context. Across an interface, velocities and pressures remain con-
stant, but through a shock wave, the velocities, the pressures and the volume fractions vary. Therefore the
corresponding discretization was no longer valid. Also, the method appeared to be too much dissipative on
interfaces because the Riemann solver considered only 2 waves instead of 7.

In a recent paper by Abgrall and Saurel [2], these difficulties have been cleared. The key idea is to
discretize the multiphase mixture at the microscopic level and then to average the discrete equations. It
provides a new discrete model as well as the numerical method. This procedure was called “Discrete
Equations Method” (DEM). This is done in the opposite way of what was done before. Indeed, it is
conventional to obtain a system of PDEs on the basis of averaging procedures, and then to discretize the
corresponding PDE system. Here, we adapt the DEM strategy to the particular context of detonation
waves and multimaterial hydrocodes. To do this, the method needs several modifications:

e The materials are reactive and it is necessary to adapt the model to such situation.

e The equations of state are complex and chemical effects need to be modelled and solved accurately.

e Multiphase mixtures encountered in the physics of detonation waves have some specificities: the mixture
behaves essentially with a single velocity and pressure [22]. A careful description of phases interaction
will lead to relaxation coefficients that will be shown to produce very fast phases pressure and velocity
equilibrium.

The overall model and method need to be extended to an arbitrary number of phases.

The model will be shown to obey a dissipative inequality.

The method is extended to two-dimensions by dimensional splitting.

The extra computational difficulties due to mass transfer, stiff chemical kinetics are explained and solved.
The present paper is organized as follows. First the reactive multiphase model is developed by using
conventional averaging procedures and continuous differential operators. Then the DEM is developed on
the basis of a microstructure topology representative of an explosive mixture. It provides the basic hy-
perbolic solver in absence of mass transfer and chemical reactions. This hyperbolic solver corresponds to
the cornerstone of the numerical method. But it is also interesting to look at the system of PDEs that are the
continuous analogue of these discrete formulas. Such system of PDEs is obtained as the continuous limit of
the discrete equations. The analysis of this limit system provides explicit formulas for the averaged inter-
facial pressures and velocities as well as all relaxation terms. This system is then compared to the one that is
obtained initially with the conventional averaging method. Both models have the same structure and the
second one contains all mechanical closure relations. The timescales of the various relaxation processes are
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analysed and it is shown that in detonation conditions the pressures and velocities relax very fast. Thus a
specific algorithm is developed for such situations. The solver stability and positivity properties are anal-
ysed. Then a series of test problems and validations is presented.

2. Theoretical model

Advanced continuum mechanics and thermodynamics models of condensed heterogeneous are based on a
multiphase description. Indeed, the condensed energetic material is a multiphase mixture of several con-
densed species with a small percentage of gas. When the decomposition reaction occurs during the detonation
process, new gaseous species are produced increasing the multiphase character of the mixture and the pro-
duction of solid components may not be excluded. As an example, the schematic representation of the
detonation process of CHNO-based with aluminum and the different chemical reactions involved are given in
Fig. 1. This explosive, confined by inert materials, involves three condensed reactive species: C,H,N.O,, Al
and C that decompose under specific reactions, yielding both gaseous and condensed species.

The solid components are (C,H,N.O,, Al, Al,O3, C) while the other components belong to the gaseous
detonation products. The pure materials EOS depend on the internal composition of the phases meaning
the EOSs are function of the density p,, the internal energy of the phase e;, and the mass fractions
emtmer. Pk = Pe(Pis €k {Yem} ey, )- TWo kinds of EOS are given in Appendices A and B: the H9
EOS [20] specially designed for the description of gaseous detonation products that are induced by CHNO-
type explosives and a Mie-Gruneisen multi-component equation of state for the reactive solid material. In
this chemical decomposition model, each of these chemical reactions has very different characteristic time.
The decomposition of the solid C,H,N.O, yields gaseous products but also a condensed species C.
Combustion of the condensed aluminum needs a gaseous species and produces gas and solid species.
Reaction (3) is of the same type, while reaction (4) involves gaseous components only. The burning laws can
be function of phase pressure, or phase temperature, or both. This example is well suited to illustrate the
multiphase multi-species feature of the kind of explosives considered in this study.

In this section, we develop the necessary multiphase model for an arbitrary number of fluids, an arbi-
trary number of species and consider mass transfer between phases as well as within phases. This work is
done at the continuous level and is close to the models by Baer and Nunziato [3], Kapila et al. [21], Saurel
and Le Metayer [34].

Gaseous Detonation
Products

\ CaHfJ NcOd

D

N O
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/ | \
C Al \ Shock front

1) CHNO, — dHO + [%fd)llg-f- %Nz-ﬁ aC
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@ C+0, - CO,
4 2H,+0, - 2HO

Fig. 1. Schematic representation of a detonation wave and chemical decomposition of a CHNO-based explosive.
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The reactive Euler equations in each phase k, k € [1, N] are first considered. N, is the number of chemical
species composing the phase £ and each species m is defined by its mass fraction ¥ ,. In a single phase (gas,
liquid or solid) the mass diffusion is neglected and the velocity of the chemical species is the velocity of the

considered phase:
op

Lt div(pyii) = 0,

+ div(p Yimlix) = @, for m € [1,Ny].

The internal energy of each fluid is e, = E; — (i - i) /2. Each sub-system is closed by a pure phase EOS of
the form p;, = pi(py, ex, {Yk,,,}m:lek). The last equation expresses the chemical evolution of the mth species
within the phase £. The notations are conventional as well as the assumptions about the chemical features
of an individual phase. Note that the production term in this equation represents mass production within
the kth phase. Within the kth phase, the sum of the mass fractions equals unit. The previous assertion leads
to the relation), | \ &, =0.

Some reactions occur at the materials interfaces and are involved in mass transfer terms between phases:
they cannot appear in these equations without considering the multiphase character of the mixture.

The multiphase flow equations are obtained by using the averaging procedure of Drew and Passman
[12]. With this procedure, the pure fluid equations (2.1) are multiplied by an indicator function X; to select
the appropriate fluid, and are then averaged over the two-phase control volume. The indicator function X;
is defined by:

Xe(M, 1) {

This function obeys the equation
0X,
a_rk +3VX, =0, (2.2)
where ¢ represents the local interface velocity.
To select the appropriate fluid, Egs. (2.1) are multiplied by the indicator function X; and are volume

averaged with the operator:
1
= — i V
) = [ rav.

where f is an arbitrary flow function. We obtain:

1 if M belongs to the phase &,
0 otherwise.

0N, oy —
Sy @VX), = (- 0)VX),,

X0 divxt i, = (ol - o)V X),
4@@;1;% +div(Xpit @ i), + V(Xp), = (pVX) + (pii(i — 6)VX),, (2.3)

% + div(X(pE + p)i), = (piaVX), + (pE(ii — 0)VX),,

a X Ym . — . . .
% +div(X pY,i), = (X o), + (pYu(i — G)VX),.
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In the right-hand side of the species conservation equations, two source terms appear, which are related to
chemical reactions within the kth phase, (X@,),, and the mass transfer between different phases,
(pY, (i —6)VX),. It is straightforward to obtain the average mass transfer between phases:

The other terms factor of (& — o) represent the momentum transfer due to mass transfer (pif)(@ — o)VX
and the energy transfer due to mass transfer (pE)(# — 0)VX.

In the previous equations only the microscopic variables appear. They have to be linked with the
macroscopic variables that are more convenient for computations. To do this, we assume that the bulk fluid
variables are equal to their averages: p, = (p,), r = (i), pr = (pr)» ex = {(er). In other words, we neglect
internal turbulence.

The term VX, is non-zero only at the interfaces and consequently defines the interface position and its
normal at the microscopic level. Then the product fV.X defines the value of /" at the interfaces and it is noted f;.

In order to interpret some interfacial terms, the mass transfer is removed in the multiphase system. This
is done in the sake of clarity. As a consequence, the interface conditions at the microscopic level reduce to:
p,-:pkandﬁ[~VXk:6'~VXk:ﬁk~VXk.

Due to non-equilibrium effects, interface variables may have fluctuations around an average state, thus:
pi = pi + Op; and ii; = i, 4 Ji; such as p; = (p:) and i, = (LZ_})

The averages of the various non-conservative products can be written as,

(@VX), = (GVXp) + (0, VX)) = 6V oy + (5T, VX,),

(kaXk> == @lek> + <5PIVXA> == pivofk + <5plek>,

((pih) VX)) = (pit; VX) + (i0, VXY + (0pitt, VX)) + (0pioii, VX,).
Note that we used the identity (V.X;) = Voy that implicitly admits that the volume average (X;) represents
the volume fraction of the phase k, that is to say o.
We note &, = —<5LZ_}VXk> the rate of change in volume fraction due to non-equilibrium effects and
F, = (0p;VX,) the average pressure drag force. By neglecting the second-order term, the three averaged
non-conservative products read:

(@VX), = (@VXp) + (00 VX)) = iV oy — o,
(VXe) = (pVXi) + (0pVXy) = pVoy + Fy,

((pt), VXi) = piti;V oy — pity + Frtky.
The modelling of these interfacial quantities remains a difficult issue of multiphase flows. To obtain a
solution of this system of equations, it is necessary to provide expressions that can be considered as in-
terfacial closure relationships. These relationships depend heavily on the kind of multiphase flow and on its
topology. They are now explained in the context of interface and detonation applications.

Modelling of the average interfacial pressure p; and velocity i;. In the work of Baer and Nunziato [3] and
Kapila et al. [21] p; is taken equal to the pressure of the most compressible phase, while i7; is taken equal to
the velocity of the less compressible phase. In Saurel and Abgrall [32], p; is taken equal to the mixture
pressure and i; to the velocity of the center of mass. In the present paper, thanks to the new homogeni-
zation method (DEM), we obtain explicit formulas for p; and #; that are symmetric, compatible with the
second law of thermodynamics, and responsible for the fulfilment of interface conditions when dealing with
contact/interface problems.

Modelling of & = —(0i;V.X;). Baer and Nunziato [3] were the first to propose to model the rate of
change in volume fraction as proportional to the phase pressure differential: &, = uAp,. The parameter u
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controls the rate at which pressure equilibrium is reached. Saurel and Abgrall [32], Kapila et al. [22] and
Saurel and Le Metayer [34] by different considerations propose to take this factor equal to infinity. In the
present paper, we provide general explicit formula for u and demonstrate that this coefficient tends to
infinity in the context of detonation applications.

Modelling of F;, = (op;VX;). The latter authors have proposed and justified on physical backgrounds to
model the pressure drag force as proportional to the phase velocity differential: F, = AAii;, where 4 is a
relaxation parameter that tends to infinity in the context of interface problems and detonations in con-
densed energetic materials. In the present paper, we derive explicit formula for this relaxation parameter.
We also show that it is connected to the parameter u. In the field of detonation applications, it is dem-
onstrated that it tends to infinity too.

Modelling of the mass transfer ny = (p(i — 6)VX),. The mass production term ¢y, of mth species,
component of the kth phase obeys general laws for chemical reactive systems. Difficulties appear when the
different 7z, have to be modelled. This mass transfer represents the general production term of phase k
through interfaces with other phases. Knowledge of the physics is required to express this term that can be
very different according to the phenomenon considered: there are no difficulties to figure out that the
mechanisms involved in the vaporization of a liquid are different of those involved in the combustion of a
solid material. For our purposes, most of the laws that give the depletion rate of a solid explosive are based
on Arrhenius laws or Vieille’s law, depending on temperatures or pressures of the different phases. Nev-
ertheless, there is no general restriction to model this term except that relation ), 7 =0 must be
verified, which is the condition expressing the conservation of total mass in the multiphase mixture and that
the chemical kinetics verify the permanence of atomic substances.

2.1. The general model

For conveniences, we note p; = p;, il; = ii;.
The general continuous model (2.3) can be rewritten as (2.4) by expressing all the closure relations:

0
ﬂ—i—u,Vock =y +—
aa({x ), Pr
aﬂ + div(opii), = riy,

0 -

(“a P+ div(opit @ ), + V(ap); = pVas -+ Fy + i, (24)
0 >, . .

= St Bt div(a(p + p)i), = (p) Vot + s — pic + i,
0

(o gt e k4 div(apY,il), = tit.

The variables with subscript IR appear only when interfaces are reactive, that is when mass transfer occurs.
Determination of these variables will be discussed latter.

The multiphase equations have two formulations (2.3) and (2.4), which are the same. In the following,
the two formulations will be used indifferently. But the closure issue corresponding to the determination of
pi» 4, i and A as well as the numerical approximation of these equations necessitates a new homogene-
ization method that is developed in Section 3.

3. Building of a two-dimensional discrete multiphase model

The new approach based of Abgrall and Saurel [2] is extended to the simulation of detonation waves. The
method considers the numerical cell C;; as a representative physical multiphase control volume. The pure fluid
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equations are discretized at the grain/microscopic scale. Then these equations are averaged. A set of algebraic
relations for the flow unknowns are obtained. In the following, the development of this method is detailed.

We wish to model a dispersed two-phase flow as depicted in Fig. 2(a). It is a media composed of grains of
a reactive granular material (phase 1) into a gaseous phase (phase 2). The latter comes from the chemical
decomposition of the explosive or can be initially trapped into pores.

The model relies on the topology of this two-phase media. A macroscopic two-phase volume contains
two phases, which contains » grains of phase 1 per volume unit. The size of a microscopic volume is below
the size of the individual grain. It may only contain a fraction of the interface grain—gas (cf. Fig. 2(b)). At
this microscopic scale, the interactions between the two fluids are given by the solutions of Riemann
problems between non-miscible fluids governed by the Euler equations. The macroscopic equations are
obtained by making the inventory of all the contacts, examining the surfaces of these contacts and summing
solution of all these interface problems.

The mesh is composed of numerical cells C;; =]x;_1/2, %12 X [yi—1/2, Yir1/2[ of uniform length Ax and of
uniform height Ay. These control volumes are supposed to be larger than the elementary volume of the two-
phase media. At is the time step of the temporal integration.

In order to obtain the two-phase flow model in an Eulerian frame, the mesh and the two-phase flow are
superimposed. The two-phase mixture evolution is examined in the control volume C;; (cf. Fig. 3(a)) during
the time step At.

In the sake of clarity, no mass transfer is considered. For the calculations clarity and because the so-
lution of Riemann problem is known in only one space dimension, grains are considered to be cubic rather
than spherical. The development is made in two dimensions, the extension to three dimensions being
straightforward. The volume fraction is a surface fraction: «; = na?, a is the length of the side of the grain.
In each control volume (mesh cell), the different flow variables of the phases are constant in the cells. This
approximation is usual in Godunov-type numerical schemes.

Fluid 2 Fluid1 (p.u,1),
o© o oitiie) 0?7 microscopic
0P0% 4 o " interface
O @ e o (0] o y
D) s
O O o
L» X
(a) Example of multiphase granular flow (b) Microscopic two-fluid volume

Fig. 2. Schematic representation of the two-phase control volume and interface control volume.
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Fig. 3. (a) Superimposition of the mesh and two-phase flow. (b) Magnified view of control volume Cj;, phase 1 being in grey.
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In this flow representation, o; and »n are piecewise constant functions. Thus the size of a grain — char-
acteristic length — is also a piecewise constant function. This leads to the representation depicted in
Fig. 3(b).

In the following, the pure fluid instantaneous equations are recalled. We define volume, surface and
temporal averaging operators that will be needed in the building of the multiphase equations. We also
define the contact surfaces between phases inside the cells and at its boundary. This enables the evaluation
of the fluxes coming from the averaging process.

3.1. Local instantaneous pure fluid equations

At the microscopic scale, each phase obeys the Euler reactive equations that reads from system (2.1):

ow OoF 0G
—+=—+—=0 3.1
o Tty (3.1)
= (1, p, pu, pv, pE, pY,.), F = (0, pu, pu® + p, puv, p(E + p)u, puY,,),
G = (0, pv, puv, pv* + p, (pE + p)v, pvY,,).
The first equation & +2+2 =0 is a trivial identity that simplifies the presentation of the volume

fraction equation. We denote a = (ax, o,). Thus system (3.1) is augmented by Eq. (2.2)

0X; n 0X; iy 0X;

- Oy

ot o T oy
that is used to select the fluids. After some algebraic manipulations, the evolution of the unknowns for each
phase k in each cell C,-j, during the time step At is given by:

At At
a a 6x ’ Oy

(3.2)

With the previous notations and with the help of the trivial identity, the evolution of the characteristic
function is recovered. Thus (3.2) summarizes (2.2) and (3.1) in each fluid.

The terms in the right-hand side of this equation represent the Lagrangian fluxes. In the vicinity of an
interface between two fluids, the interface conditions hold: uniform pressure and velocity. Thus
F—o6,W = (-u,0,p,0,pu,0) and G — o, W = (—v,0,0,p, pv,0) are constant at the vicinity of a two-fluid
interface (VX # 6). We note in the following:

F*=F—¢W and G*=G-aqW. (3.3)

=0

We now turn to the evaluation of the different terms of (3.2). The average multiphase discrete equations will
follow.

3.2. Average discrete equations
Each cell of the mesh contains initially two phases. The details of the derivation are made explicit for the

phase 1 only. The equations of the second phase can be obtained by changing the subscripts adequately.
The evolutionary equations of the phase 1 are:

[ v [ [ (e oo on
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Five integrals have to be evaluated I} + I, + Iz = Iy + I5

At
X
I = / / o altW) dxdyds temporal term,
0 C
At
L= /
Gy
At
. /
Cy

At
X,

Iy = F?¢="Ldxdydr Lagrangian horizontal flux,
0o Jc Oy

horizontal convective flux,

vertical convective flux,

A ¢ . .
Is = / / G"* —— dxdydr Lagrangian vertical flux.
0 C y
To this end, let us define the following averaging operators.

o Volume average

1

=— [ rar.
) c; c[,f

. Temporal average

/= fdt.

At

o Surface averages
_ 1 Vj+1/2 N 1 Xit1/2
P [ rayand o [ e
Ay Yi-1/2 A.X' Xi-1/2

o [Internal average

_xn_wp

We have (f>:f:f.

3.3. Approximation of the temporal term I;

Mo m) MR W) 1
h =/ / dXdJ’dt:/ / —dxdydtz/ (Camyy™ = (am); ) dedy,
0 Cij ot c; Jo ot c.: ] j

i

that is,

— Aty ()1 = UN)-

499

(3.10)

(3.11)

(3.12)

(3.13)

(3.6)

(3.14)
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3.4. Approximation of the horizontal convective flux I,

At J(XF At ey Y (XF
12:/ / —(a h dxdydtZ/ / / OXF), )ldxdydt
0 Cij X 0 Vi X ax

Yi-1/2 1/2

At ey
- /0 / ((XF)l,m/z - (XF)LH/z) dydr.

—1/2

The surface average at the abscissa i — 1/2 is:

o Vjt+1/2
AYXF\ ;1 =/ (XF)y 120y

Yi-1/2

(3.15)

The case of one isolated grain of Fig. 3(b) is considered at the cell boundary as represented in Figs. 4(a) and
(b). Such configuration appears because the flow variables, in particular the characteristic length of a grain,

are piecewise constant functions. The case of several grains can be treated in the same way.

The cell boundary, delimitated by the segment ]y;_;/;y;+1/2[, can be decomposed in several segments
associated with different kinds of contact / (Fig. 4(a)). Each type of contact / = (p, q) means that p is the

+1/2

} 1=2-2
172

(a) i-1/2
j+1/2
=22 {
1=2-1 ‘[ --------- O T
Y 25 e
————— - .r“ - " o “”
;:v \'}"" I=1-1 N
~ 4
1=2-1 { .3 'l 0o
4 2 5Y
1=2-2 {
j-1/2
(b) i-1/2

Fig. 4. (a) Schematic representation of the different contacts / at a cell boundary when fluid 1 volume fraction gradient is negative. (b)

Schematic representation of the different contacts / when the grain size increases discontinuously.
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fluid at the left boundary and the fluid ¢ at the right boundary. In the case of Fig. 4(a), there are three types
of contact / = 1-1, / = 1-2, [ = 2-2. The height of contact / is denoted S; = S,, and will be determined
latter. The integral can be decomposed in a sum of elementary integrals:

NI
AXF 1= /0 (XF),, (1) d.
1

In the following, there is no differences between the height of contact and the surface of contact as the
model is presented in a 2D configuration. Each elementary integral is evaluated in the following way:

S
/o (XF)I,i—l/z(l) dy = Sle*.,z‘fl/Z(l) 'Flfi—l/Z(Z) = SPleii—l/Z(pv Q)FI*,I‘—I/Z(p’ q).

The initial states of the fluids p and ¢, respectively, on the left and on the right of the boundary i — 1/2 will
generate pressure waves for which the solution is given by a Riemann solver. Some examples of Riemann
solvers can be found in the literature. This solution provides the value of the flux F{',_; »(p.q). X, »(p,q) is
the value of the characteristic function of phase 1 at the boundary i — 1/2. When fluid 1 is in contact with
fluid 1, this function is equal to 1. Its value is 0 inside the fluid 2. When fluid 1 is in contact with fluid 2, its
value depends on the interface velocity uj,  ,(1,2). When it is positive, the function X}, | »(p, q) is equal to
1 and 0 in the opposite case. When the interface velocity is positive it means that fluid 1 is coming into the
control volume. This interface velocity is also solution of the Riemann solver.

There is still to model the contact height length S; = S,,. In the case depicted in Fig. 4(a), S;; can be
evaluated by: S;; = Aya, ;. Indeed, the height of contact between fluid 1 at the left of the boundary and fluid
1 at the right of the boundary is the smallest surface present at the boundary. In Fig. 4(a), the smallest
surface is the right one. We model the surface fraction by the volume fraction. The height of contact be-
tween fluid 1 and fluid 2 is equal to the difference of the two levels Si, = Ay(a,_1; — a1;;). Consequently
San = Ayoy;yj.

Thus the average flux at the boundary i — 1/2 is:

Ayﬁl,m/z = Z Squl*,ifl/z(P, q)Fl*,i—l/2<Pa q).

pq=12

We can proceed in the same way for the case depicted in Fig. 4(b) when the grain size increases discon-
tinuously.

In the case depicted in Fig. 4(b), the contacts are different. We must consider the contact 1-2 that does
not exist in the case depicted in Fig. 4(a). Moreover, the heights of contact between fluids are different from
Fig. 4(a) case. Here, we have S;; = Ayu;;_;;. The other heights of contact are S» = Ayo,;_i; and
S = Ay(o;; — 1,-1;). The values of X7, | ,(p,q) and F{, ; ,(p.q) are deduced from a Riemann solver
between fluids p and ¢ which are here and there of i — 1/2.

Table 1 summarises the different cases and gives formulas valid for both situations depicted in Figs. 4(a)
and (b).

Thus, the average surface horizontal convective flux at the cell boundary i — 1/2 is:

o Vit1/2
AyXFy;_1p2 = / (XF)Li—l/z dy
Yi-1/2
= (Slle*,i—l/Z(L I)F;'*—l/Z(L 1)+ S12X1*,i71/2(172)Fii1/2(172) +S21X1*j—1/2(27 I)F;'*—l/2(27 1))

We can proceed in the same way for the evaluation of the convective flux at the boundary i + 1/2. I, then
becomes
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Table 1
Evaluation of the different horizontal convective fluxes at the cell boundary i — 1/2
Type of contact Surface of contact Indicator function 1 Convective flux
1-1 Sll :Aymin(oq_[,lj, “l‘[j) X]x(lll) =1 F*(l,l)
1-2 S12 :Aymax(oq_,»,lj—oc]_,»j,O) (1 2) 1 if u*(l‘Z) >0 F*(12)
0 otherwise
2-1 S = Aymax(oq_[- — 011/, 0) X _ 1 if u*(Z‘ 1) <0 F*(Z, 1)
0 otherwise
2-2 Szz = Aymin(oczj,lj, 0(2.,',) Xlx (2, 2) =0 F* (2, 2)

At V/+1/z A —
UES / / F)ijeryp — XF)y o)) dyde = A)’/O ((XF) 1o — (XF)y ) dt

~1)2
= AyAt((XiF)UH/z - (XF%J'—I/Z)'

For a time step small enough X:F = XF at each boundaries i — 1/2 and i + 1/2 and the preceding equation
becomes

L= AyAt((ﬁ)Lm/z - (X_F>Li—l/2)' (3.16)

3.5. Approximation of horizontal Lagrangian flux I,
The horizontal Lagrangian integral is

At
14:/ /Flag%dxdydt. (3.17)
0 . X

The latter can be decomposed into two parts

L= ] [ s [ e ad s [ dy [dn (18
4= 0 i—]/Z[ 1]1‘71/2 y + i+]/2[ 1L+1/2 Y+ internal[ l]internal Y 4 ( ' )

Vi-1/2 Yi-1/2 Yj-1/2

14.boundary 14.inlcrnal

Lt poundary CoOrresponds to the Lagrangian flux that comes from the interfaces present at the cell boundary of
the control volume Cj;. Iy jnemar corresponds to the Lagrangian flux that comes from the interfaces present
into the control volume C;;. We evaluate /4 poundary then s inemar. The contact surfaces between the pure fluids
that must be taken into account are the same as for the evaluation of the convective fluxes. Then

AJ’F 1/2X11 12 = / 1/2Xlz 129y

pg=12
Each elementary integral can be obtained in the following way:

Spq
/0 FI/Z[XI]I 1/2dy Spq Id%/*z(P q)[X7], 1/2(P q)-
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The four possible configurations (p,q = 1,2) are summarized in Table 2. The jump of the indicator function
[X;] depends on the sign of the interface velocity, given by the solution of the Riemann problem. In the
configuration (1,2) — fluid 1 and fluid 2 are, respectively, at the left and right of the boundary. [X|] is equal
to —1 if the velocity is positive. Indeed, X, is equal to 1 in the fluid 1 and X is equal to 0 in fluid 2. Thus the
jump is equal to —1 if fluid 1 enters the numerical cell. If the interface velocity is negative, fluid 1 exits the
numerical cell thus the jump is zero. For the configuration (1, 1), the jump is always zero because there is no
interface. Consequently, we get:

- Vit1/2
AyFReXy], :/ (Flag[Xl])ifl/zdydt

Yi-1/2
= (S0)1 2 (1L 2FSA(1,2) + S X)L 22, DES L2, 1). (3.19)

We proceed in the same way for the evaluation of the horizontal Lagrangian flux at the cell boundary
i+1/2.

We remark that the jump of the indicator function is non-zero ([Xi]; ;, # 0 and [X,];,,, # 0) on the
segments that are the thick lines in Fig. 5.

The term 4 jnemal related to the interfaces present inside the two-phase control volume is now evaluated.
The interfaces that are considered are represented in Fig. 6.

The flux Iy inemar 1S given by

At Yit1/2 1 At
ag
14 Jnternal — / / 1nlerna1 ]mternal dydt - /
Yi-12 0

We group the interfaces by two, that correspond to the contacts (2-1) and (1-2) as shown in Fig. 6. As
[X1] 2,1) = —1 and [X] 1,2) = +1, we get:

/0 ( Fle(2,1) — Fe (1, 2))dydt.

a
I«
/()Eliirnal[ ]mternal dydt

internal interfaces

internal ( internal (

At
I4,inlernal = /
0

We note F =1 [“Fdy, then:

At
]41nlernal —/ Nd/ ldg* 2 1 ldg*(l 2)) dydt,

where N = nAxAy. Thus,

number of internal grains

Table 2
Evaluation of the horizontal Lagrangian fluxes for the various configurations at i — 1/2
Type of contact Surface of contact Jump of the indicator function 1 Lagrangian flux
1-1 Sll = Aymin(ocl_,[,u,oq,,:/-) [)(ﬂ(l, 1) =0 Flag'*(l, l)
1-2 S = Aymax(al,i—lj - 011,1‘,'-,0) * _J -1 if ”1(1»2) >0 Flug'*(lvz)
x(1,2) = 0  otherwise
2-1 SH = Aymax(ozlvf,- — oclv,-,l,-,O) [ *](2 1) 1 ifu (2 1) >0 Fl"‘g'*(Z, 1)
0 otherw1se

2*2 Szz = Ay min(ocz_;/-,l s OCZJ’/-) [/\/H (2, 2) = 0 Flag,* (2, 2)
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Fig. 6. Representation of the interfaces that are involved in the evaluation of the internal non-conservative products in the horizontal
direction. The dotted lines (horizontal interfaces) are not involved in the calculation.

At ~ ~
Linerma = Na / (E.f‘g’*(z, 1) — F(1, 2)) dt = Na( F*(2,1) — F*(1,2)
0

ij

For a time step small enough, F = F. Because the states are constant here and there the interface, F' = F.
Thus,

I4,internal = AtNa (Flag,* (27 1) - Flag,*(L 2))1} (320)
Finally

[4 = 14,b0undary + 14‘internala (321)

Iy = AyAz(Flag«,* X7 + PR XY /2) + AtNa(Fe7(2,1) — F*#*(1,2)) . (3.22)
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The approximation of the convective vertical /3 as well as the vertical Lagrangian flux /5 are done in the
same way as I and Iy, respectively.

3.6. Summary of the discrete averaged equations

The discretization of the averaged equations for multiphase flows according to the geometrical repre-
sentation of Fig. 3 is given by:

(OC<W>)”JT-1 - (0‘<W>)n i (W)I,H»lﬁ - (F)l,i—l/z i ()?6)1,1+1/2 - ()/(\G)uq/z

1,ij Lij
Al + Ax Ay
FRelX], 0+ FR X0, Go[X)], + G, N
e - - - F‘lag 2 1
Ax + Ay +AxAya( 1)
N N — —
— Flag(1.2 lag (2 1) — Glag(1,2 2
(1.2)) + geaya(GH@ 1) - G 12)) (3.23)

The horizontal convective fluxes are given by:

XFyji1j2 = max(0; oy — o)) X7 z+1/2<1 2) z+1/2<1 2) + min (o 4155 001 ,45) X7 1+1/2(1 1) z+1/2<17 1)
+ max(0; oy i1 — ot145) 11+1/2(2 1)E11/2(27 1),

XFyjm1/2 = max(0; 0,1, — oy, X7 1/2(1 2)F, 1/2(1 2) + min (o 5 001-1) X7 1/2(1 DF, 1/2(1 1)
+ max (0; o1 — o 17) X} 1i— 1/2(2 DF, 1/2(2 1).
The vertical convective fluxes are given by:
XG 12 = max(0; oy — o 1) X7 114 2 (1,2) Gy p(1,2) 4+ min(on g 00,) X7 40 (1, 1) GGy p(101)
+ max (0; o1 441 — o1,7)X, 1]+1/2(2 1) j+1/2(2a 1),

XGy o1 = max(05 0,51 — o) X7 1j— 1/2(1 2)G_ 1/2(172) + min (o 55 o01,-17) X7, 1/2(1 DG 1/2(17 1)
+ max (05 o j; — o1 1) X7 1j— 1/2(2 I)G,* 1/2(2a 1).
The horizontal Lagrangian fluxes are given by:
FRe[Xy],y ) = max(0; o0, — 0‘11+1/)[X1]1+1/2(1 2) ,&%;2(172)
+max(0; o 417 — o1, lj)[Xl]H—l/Z(z 1) z+1/2(2’ 1),

Flag[th,i—l/z = max(0; o1, — o) [Xa], 1/2(1 2)F, la%/*z(laz)
+max(0; e gy — o) X2, DESL(2, 1),

The vertical Lagrangian fluxes read:

G42[X1] 1, = max (05 o1 — o) [Xi]7, (1, 2)GEE (1, 2)

+max(0 Xrij+1 — allj)[Xl]]Jrl/Z(z 1) ff]?z(za 1);
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GReXi]; ), = max (0500 -1 — al,ij)[Xl];—l/Z(lv2)G11ajfl/2(172)
+max(0; oy — o) [X]7 52, DG (2, 1),

In these formulas (p, ¢) represents the configuration where fluid p is at the left (or bottom) of the boundary
and fluid ¢ on the right (or top) of the boundary.

This discrete formulation (3.23) is difficult to analyse for physical interpretation. In the following par-
agraph, the continuous limit of these equations is derived and analysed. These discrete equations represent
the numerical scheme that will be used in the numerical simulations.

4. Continuous limit of the discrete equations

The aim of this section is to derive the continuous analogue of system (3.23) as a system of partial
differential equations. It will be shown that the discrete equations contain implicitly the relaxation terms
as well as the expressions for the averaged interfacial pressure and velocity. Knowledge of the con-
tinuous limit is helpful for a better understanding of the model structure and properties. The contin-
uous limit of the discrete equations consists in determining the system of PDE that results from Eq.
(3.23) when Az, Ax and Ay tend to zero. This system of PDE is always hyperbolic and satisfies a
dissipative inequality. The timescales of the relaxation processes will inform that the multiphase mix-
tures involved in the physics of detonation waves behaves essentially with a single velocity and pressure
[22].

When the mesh spacing and the time step tend to zero, some averages simplify:

f=0) =0, = (4.1)

The demonstration will be done for phase 1 only. Subscript 1 will be sometimes omitted. Eq. (3.23) is
recalled:

= L, BF) iy — XF), . (XG)y 110 — (XG), 11

At + Ax Ay
_ ’W”l/zzxm”/z ¢ Ly ZZyGlagP\m“/z + na(F2(2,1) ~ FR2(1,2))
+ na(@(z, 1) — 6@(1,2))U. (3.23)
It is decomposed into seven terms:
T+ T+ T=T+Ts+ T+ T (4.2)

4.1. Continuous limit of the temporal term

(N = @Iy oaw) _ oW

T, = = .
! At A0 Ot ot

(4.3)
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4.2. Continuous limit of the horizontal convective flux

The horizontal convective flux reads:
(XF)I,i+1/2 - (XF)ljfl/Z

= A (4.4)
According to (4.1), we get:
T, = (X_F)Liﬂ/z - (/Y_F)l,i—l/2 . Ou(F) _ OaF (4.5)

Ax Ax—0  Ox E '

4.3. Continuous limit of the horizontal Lagrangian flux

In the x-direction, Lagrangian terms decompose into two terms 7; and Tz. Each term is examined
separately. The continuous limit of 7; becomes horizontal non-conservative products. The continuous limit
of T is the horizontal relaxation term.

lagX ) +FlagX .
T4: [ 1]1+1/2Ax [ 1]171/2. (46)

The following notations are introduced:

X+ x| x — x|
b

xt = max(x,0) = 3 x~ = min(x,0) = — and 010 = i1 — Oy,
d(x* d(x . .
Scx ) =H(x) and (C;Cx ) = —H(—x) such as H the Heaviside function,
+1 if x>0,
) =1 1 ifx<o0.

The Lagrangian fluxes read

AxTy = FRe[Xi]y p + FRelX )
= ((sgn(u*)J’(Soc’Fl"‘g’*(1,2))1._1/2 + (sgn(u’) oo FR*(2,1))  , — (sgn(u’) oo F1*(1,2))

_ (Sgn(u*)75a+Flag’* (2, l))i+1/2>'

i+1/2

To proceed in these calculations, the various terms are developed with the help of the acoustic Riemann

solver of Godunov for the Euler equations (see [39]). Consider a left state 1 and a right state 2. The pressure

and velocity solution of the Riemann problem, under acoustic approximation, are given by:
Lpt+Zipy | L2, i+ 2wy pr—p

1,2) = + u — and u(1,2) = + . 4.7a
p(1,2) 75 7 Zl—i—Zz(l ) (1,2) 722 712 (4.7a)

For a left state 2 and a right state 1, symmetric expressions are obtained:

Lp+2Zipy 212, Ziuy +Zouy  pr— P
2,1) = + U, —u and u(2,1)= + , 4.7b
po) = PO ) and ) = DA (470)

¢ and Z; = (pc), are, respectively, the sound speed and the acoustic impedance of phase .
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Such solver is valid for the present analysis because we are precisely looking for the continuous limit of
the discrete equations. For such limit, it is implicitly assumed that the flow functions are smooth. Thus the
acoustic solver is a correct approximation of the exact Riemann solver. At the boundary cell i + 1/2, we
have

Ziuy; + Zouz i Pri — P
Zy+ 7, Z+ 7,

Ui p(1,2) =

Applying conventional Taylor expansions, we get

Op

Ou
Upjy1 R Uy; + Ax—z and pr; R D+ Ax—,
Ox Ox

Zyuy; + Zou pl,i—pz,i+ Ax ( Ouy apz)

Cn(1,2) & o ox
Ml+1/2( ) ) Z1—|—Zz Z]+Z2 Z1+Z2

Tox o

Ziuy; + Zouz;  pri— P
7+ 72 7+ 72,

U (1,2) ~ =u"(1,2) at first order.

In the limit Ax — 0, u;,,,(1,2) ~u;,5(1,2) 2 u*(1,2) and also u;,,,(2,1) ~u;,»(2,1) ~u*(2,1). The
same expansion is made on the pressure. Thus the following approximations hold for the Lagrangian flux
Eﬁ’f‘/"z(l, 2) ~ Fi'j“‘f"/"z(l7 2) ~ F'%*(1,2) and Eﬁ’f’/*z(z, 1) = Fi'j“‘f’/*z(2, 1) ~ F'%*(2,1). So:

PAXTy = FRer X)), + FR2 X))
_ ((sgn(u*)+5a; 2 — sgn(u’)~ée, /Z)Fla&*(l, 2)
+ (sgn(u*)+5ocltl/2 — sgn(u*)_éoclil/z)F'ag’*(Z, 1))

After expanding da, we get

AxT, = Flag[Xl]i+l/2 +Flag[Xl]i—l/2

_ (sgn(u*)+ (5a; + %H( — o) a(gz),.‘ ) — sgn(u)” (&x; - %H(éa;) a(gz); ))Flag’*(l, 2)

+ (sgn(u*)* (&xf — %H( — 5@)@) —sgn(u*)” (50(1. — %H(éaj) a(gz)j)>Flag’*(2, 1).

Consequently, we get,

AYT, = FR8 X,y + FR [0, , = (sen(u)” — sen(u) oz F*+7(1,2)
+ (sgn(u)™ — sgn(u)f)éoci*Flag’*(Z, 1),
AxTy = WH»I/Z + W[Xl]i—l/z = 50‘;Flag"*(17 2) + 5°‘i+Flag7*(2a 1))
oo

lag
T;l:F}g Ev
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where
Uy
0 ul_Zlu1+Zzuz+Sn<aO€1)P2—p1
. Z+ 7 x ) Zi+Z
F,I]ag _ Pix Wlth 1 2 1 2
0 :Zzp1+zlpz+sn O\ ZiZ (1> — )
pp(()uz Pix A o)z +2 0
Thus when Ax tends to zero,
Flag[Xy],., » + FleX], O
_ i+1/2 i—1/2 lag_
T, = A Ax_—}>OF} -~ (4.8a)

Remark that we have determined a component of the average interfacial velocity u; as well as the average of
the interfacial pressure p;y that exerts at the boundaries of the two-phase control volume in the x-direction.
These expressions depend on the sign of the volume fraction gradient: sgn (‘ “). Indeed, according to its
sign, either fluid 1 on the left is in contact with fluid 2 on the right or the opposite. The Riemann problem
solutions (4.7a) and (4.7b) that determine the appropriate interface pressure and velocity are summarized in
concise formulas depending on the sign of the volume fraction gradient.

T, results from the fluctuations of interface variables inside the two-phase control volume:

Ts = na(l‘;’l‘“‘g(Z7 1) — Flag(laz))[j

According to (4.7), the fluctuations of the interface velocity and pressure become

VAVA)

u(1,2) —u(2,1) = 2? zz and p(2,1) = p(1,2) = 2575 (ur — w).
Finally,
1(pr — p2)
0
To = na(F™(2,1) — F¥(1,2)), = Han o tz) (4.8b)
2y (ur — uz) — pp;(p1 — p)
0
with
u, = 2712 Iguz and p; = 7222 Iipz, U= 72(21 i_ A and A= uZz2,.

s = 4na is the exchange area between the phases 1 and 2.
The same calculation are made for all the vertical fluxes.

4.4. The continuous model

From the preceding results (4.3), (4.4), (4.5), (4.8a), (4.8b) the system of PDEs for the multiphase mixture
is obtained:

Ou Ou oo
6tl _1+ v L= 2ulp — p), (4.9a)
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0(ap), +@(0€pu)1 Jra(“pv)l

=0 4.9b
ot Ox oy ’ (4.9b)
O(opu), O(apu® +op), O(apuv), oy
o + & + o = pix o + Muy — uy), (4.9¢)
O(apv),  O(apuv), O(apv® + ap), oy
=py—+ (v — 4.9d
o & o P gy H A =0, (4.94)
O(apE), | O(a(pE + p)u), , d(x(pE + p)v),
- +
ot Ox )%
6061 aOCl ’ , f
= Pixth 5= +P1YU1E + Ay (uy — uy) + v (v2 — v1)] = 2up; (p1 — p2), (4.9¢)
0(opY,), | Oapuly,),  0(opv¥y,),
=0. 4.9f
* T a1 o (4.91)
The volume fraction obeys a saturation constraint o; + oy = 1.
The interfacial velocity has the following components:
Qo1 \ pp — . Ziuy + Zour
=u — thu, =———"= 4.10
u; u1+5gn(6x>21+22 with 712, (4.10)
Qo \ pr — 1 . Zivy + 20y
= - thv, =————=
Uy v]+sgn<ay)zl+z2 with v; 7+ 2
The interfacial pressures expresses:
O YAV, Oo VAV,
px =p,+ sgn(a—xl> Z ;—ZZZ (u —uy) and py =p,+ sgn(a—yl> Z 14—222 (vs — 1) (4.11)
with
) _ L+ Zip
Pr Zi+ 2,

The continuous limit exhibits relaxation processes: a drag force (velocity relaxation) and a pressure re-
laxation.
N

The pressure relaxation coefficient is y = —————. 4.12

P g 2(Zi + Z) *.12)
The velocity relaxation coefficient is A = uZ;Z,. (4.13)
The exchange area between the phases is s = 4na. (4.14)

The multiphase equations have been found with the help of the acoustic solver. The difference between the
acoustic solver and another Riemann solver is only second order. Thus the use of another Riemann solver
will not change the continuous limit of the discrete equations. For these calculations, the acoustic solver
was found to be the more convenient.
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These results show that the average interfacial pressures and velocity that exert at the boundary of the

two-phase control volume depend on the volume fraction gradient and velocity or pressure difference.

These interfacial pressure and velocity are different of those applying inside the two-phase control volume.
Moreover, it appears that the velocity and pressure relaxation coefficients are coupled.

4.5. Mathematical analysis of the continuous model

In one dimension, the model reads with primitive variables V; = («, p,u,v,p, ¥,,),,

oV, G 7
o T S 1)
The Jacobian matrix reads
uy 0 0 0 0 O
%: (Mk — I/I]) Uy P 0 0
Pk—PIx 0 U 0 1 0
A, = %Pk Pk 4.16
g 0 0 0 w 0 0 (4.16)
% (e —ur) 0 pcz 0 w O
0 0 0 0 0 u
with
P Oe |
2P
X — ae
op”’
an interface sound speed, and the source term
2 ) i 2 2p,(¢,)
Sy = 2#Ap,ﬂ,uAp, Au, ‘ Av, ‘ [(uy — up)Au + (v; — vp) Av] — M,uAp, 0
Xk (xp)y (2p); ockg% %k
"ok
(4.17)

Au = uy — u; and Av = v, — v represent the velocity differences. Ap = p; — p, is the pressure difference.
The eigenvalues of the propagation matrix 4; are always real. They are: u; interface velocity, u; + ¢,
up — ¢, and u; which are the acoustic wave speeds and the speed of the contact discontinuity into the
phase k.
The system of PDE is always hyperbolic. The model is also conservative regarding the mixture. All
closure relations for p;, i;, 4 and u are symmetrical with respect to the phases.

4.6. Dissipative inequality

With no mass transfer, interactions between phases are given by the solution of Riemann problems. The
Lagrangian fluxes at the microscopic scale give non-conservative products and relaxation terms at the
macroscopic scale. We must check that these relations are compatible with the entropy inequality:

dn,

d
(ap), T % + (2p), g >0, (4.19)
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1, represents the entropy of phase k. Following Gibbs identity we have:

(o)1 g = o (G g ).

Consider phase 1. After some algebraic manipulations, we get the internal energy equation for phase 1
(% = % =+ uy & + v % is the material derivative).

de Ou; Ov
(oo, S+ o), (G + S

) = (px — 1) (u; — ”1)%"‘ (pry — 1) (01 _vl)%—l—l[(u', —up)

ox Oy
X (uy —uy) + (V) — v1)(v2 — v1)] = 2up)(pr — p2), (4.20)
that is
(30 Ti Gl = (e = ) = ) 4 (o = ) o = 1) S A = )~ )
+ (v — v1)(v2 — v1)] = 2u(p) — p1)(P1 — P2)- (4.21)

We now examine the sign of the four terms on the right-hand side of this equation.
It appears that:

2t = w) (2 — ) + (0 — 01) (02 — 01)] = 12

) —u)? —u) =0 422
A (ur — uy)” + (02 — v1) ) ( )

2ulpy = p1)(p2 — 1) = (2 —p1)* =0, (4.23)

Z+Z

(=) — ) 2 ﬁ{(zzwz—uwsgn( .- >>(zzsgn(%)wz—ul)@z—pl))}5,

- 2 =2 (=) s (2 ) - ) sen () 2 50

x — p1)\Ur — Uy o (Zl—l—Zz)z 2\t — Uy g o > — DI g > ax =
(4.24a)

60{1 Zl 2 aO(l 6061

— — — — |=—==0.

A L AL <ZQ(UZ vl)ﬂgn( >(p2 )> Sgn(6y> o ="
(4.24b)

Consequently, the model predicts a non-decreasing entropy for phase 1:
d

(ap), Ty Cft‘ > 0. (4.25)

The same inequality is obtained for phase 2. As the two entropies always increase or remain constant, the
entropy for the mixture defined in (4.19) also increases or remain constant. The second law of thermo-
dynamics (4.19) is fulfilled.
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4.7. Physical interpretation

The model can be written in the following way:

o(aw), O(uF), 0(aG), lag Ok
= F"— 4 G* — + Relax(W 4.26
o e Ty 1 o PO g, TRea®) (4.26)
such as F}lag = (_ul,o,p[,\’707pl)(ul’0)s Gl[ag = (_Ulaoaoapl)/apl)’vlao)'
Let us define the operators,
0(aF), g0  O(0G) lag OOk
_ plag 9% k _ lag 9%
Ox I ox + dy Gi oy’

aka

Transport(al) =

Relax(W) = (2uAp, 0, AAu, AAv, Alu;Au + v;Av] — 2p,ulp, 0).
Then we get
o(al),

ot

These two operators represent the crossing of the two-phase control volume by waves. Transport(«/#) is a
hyperbolic operator. It guarantees that the transient solution will feature waves. Typically the passage of a
wave over a quiescent bed initially at thermodynamic equilibrium will cause the two phases to be brought to
different states of velocity and pressure behind the wave. Processes of velocity and pressure relaxation
Relax () will attempt to erase these differences and edge the phases towards equilibrium. Fig. 7 represents
the chronology of these events. The waves will be followed by relaxation zones whose length scales depend
in our model on the grain size and on the phases compressibility.

Fluctuations of the interface quantities inside the control volume give birth to relaxation processes.
Fluctuations of interface velocity produce pressure relaxation. Fluctuation of interface pressure produce
velocity relaxation.

+ Transport(a«W) = Relax(W). (4.27)

(9T P ( PED P12 >cﬁ i w2s)
p*(za 1) - p¥(17 2)
(3u, VX)) 2 na(ur (2, 1) — u (1, 2)) + na(v* (2, 1) — v+(1,2)) "™ B _20(py — o). (4.29)

A difference of pressure between the phases causes the volume fraction to vary until the two pressures be
equal. This pressure difference represents the forces that act on the surface of the grains. This force works at

[Cetlule i o [Celic i

1) The wave comes into 2) The wave crosses the 3) The wave exits the
the volume volume volume

Fig. 7. Chronology of the crossing of the two-phase media by a wave.
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the power 2p,u(p) — p2) at the pressure p;, which is the average pressure within the two-phase control
volume. There is a second relaxation process represented by a drag force A(i, — ;). It tends to erase the
difference of velocities between phases. Its power is #;A(ii, — #1). i} is the average of interface velocities
within the control volume. The power of these two forces comes from

(0(pi) V) *E na ()" 2.T) = (pu) (1,2)) + ma((p0)"(2,1) = (p0)(1,2))

Continuous Limi
ont if t;u [M;(uz — Lll) + U;(Uz — Ul)] — 2,up}(p1 —pz). (430)

These two relaxation processes come from the presence of interfaces at the microscopic level, which tend to
impose in average — at the macroscopic level — their local conditions: equality of pressure and velocity
through microscopic interfaces.

Remark. In the particular case of a mixture of solid particles (phase 1) and gas (phase 2), the following
hypothesis can be made Z; > Z, (the solid acoustic impedance is much greater than the gas one). This is
true in atmospheric conditions. After some simplifications, conventional modelling of interfacial velocity
and pressure are recovered. In a two-phase volume, the average interfacial velocity u; identifies with the
solid velocity:

uy~u; and v, = v (4.31)

and the average interfacial pressure p; identifies with the gas pressure:
P = p. (4.32)

We can notice that these approximations are no longer valid in the field of detonation waves where the
acoustic impedances of the different materials are of the same order.

4.8. Timescales for the relaxation processes

In the particular case of solid particles (phase 1) into a gas phase (phase 2) under atmospheric conditions,
the following assumption can be made Z; > Z,. After these simplifications, the signification of the relax-
ation coefficients is examined.

The relaxation coefficient becomes:

20{]
~— 4.
v (4.33)
2
iz (4.34)
a

These coefficients can be understood with the following analysis.

Consider a solid particle at a pressure p; into a gas at pressure p,. The two pressures being different,
acoustic waves propagate into the solid and the gas due to a spherical shock tube. Waves propagate to the
center of the solid sphere then reflect to the solid—gas interface (see Figs. 8 and 9).

The characteristic time for the two pressures to equilibrate is of the order of 7..xp = 2a/c, a is here the
radius of the particle and ¢, is the sound speed of the solid phase. We have

Oa

o = Wi Upi the interfacial velocity of the particle
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Fig. 8. Spherical solid particle into a gas.

Fig. 9. Wave diagram (r,¢).

The Newton’s law gives p, C@Lt = Vp, where u, is the radial velocity inside the particle. Then p, ruﬁ o %
where Ap is the difference between the solid pressure and the gas pressure.

aa Ap TrelaxP
— X —
o0 p, a

with Treaxp = 2a/c;

then

Oa Ap
—x—.
ot PiC1

As a; = na?, n is the number of particles per volume unit. The following assessment holds

0o 204 AP

o> a (pe),’

which defines the following pressure relaxation coefficient y = % In this case, the discrete equations
method provides the same estimate for this coefficient (4.33).

There is a correlation between the pressure relaxation and the velocity relaxation. The latter is modelled
by a pressure drag A(u, — u;) that comes from the fluctuations of the pressures along the surface of the
particle. As the phases velocities are different, the upstream pressure is different from the downstream
pressure.

Estimation of the velocity relaxation time can be done as follows:

0
%: i(uz —ul),
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aul 2 . aul (Mz — ul) . .
— =—(up — 1e., — =—— and implies Ty =
ot (Ofp)l (”2 ul)a , p TrelaxU
By using (4.34), we have the following estimate: Tyejaxy = Trelaxp %
Thus, in the limit Z; > Z,, the timescale for velocity relaxation is much higher that the timescale
for pressure relaxation. In the case of solid particles of @ = 100 pm, density p, ~ 5 x 10° kg/ m’ and sound
speed of 5 x 10° m/s in a gas under atmospheric conditions, we have

(2p),
ot TrelaxU A .

-8 8
TrelaxP X 10 s and TrelaxU X 10 TrelaxP = Is.

Thus the relaxation velocity under atmospheric conditions is very high compared to the pressure relaxation
timescale.

Consider now detonation conditions. The gas phase comes from the solid phase decomposition and is at
high temperature and density. Thus the assumption Z; > Z, no longer holds. In this case, we suppose that
the characteristic time for pressure relaxation is T,ap = 2a/c;. During the detonation propagation, Z; and

Z, are of the same order of magnitude. The velocity relaxation time scale Ty = (“/L)‘ becomes
_ pa(Zy+ 2y)
TrelaxU =
27,7,
Thus,

TrelaxU X TrelaxP-

The velocity relaxation timescale is of the same order as the pressure relaxation timescale. The pressure
relaxation timescale 7.p.p Under detonation conditions remains of the same order as under atmospheric
conditions (tyeaxp o< 1078 s). This timescale is much smaller than the characteristic timescale of the events
under study. Indeed, this model is developed for an accurate computation of the detonation propagation at
the macroscopic scale.

For this type of applications, the analysis of the timescales of pressure and velocity relaxation compared
to macroscopic timescale justifies the use of numerical procedures with infinite rate of velocity and pressure
relaxation. Such procedure will be described in Section 5.

4.9. Model limitations

As mentioned in Section 1 and just before, this model has been derived for the propagation regime of
detonation waves in condensed heterogenecous energetic materials. The propagation of this detonation wave is
always coupled to the interactions with surrounding materials. Thus, it is mandatory that interface problems
be solved in conjunction with the detonation dynamics. The present method fulfills these two goals.

Moreover, the multiphase method has another benefit. The model does not need mixture equation of
state, that are always based on limited validity assumptions. Only the pure phase equations of state are used
in conjunction with relaxation processes.

However, this model cannot be considered valid for the ignition and growth events that occur in con-
densed energetic materials. During ignition for example, part of the shock energy is focused into the
material heterogeneities (pores for example) and the ignition results from microscale phenomena: visco-
plastic pore collapse, shear banding, etc. Such phenomena involve solid—solid phase transitions accom-
panied by volumes changes, grain cracking, melting, low Reynolds number flows, etc. Such microscale
effects correspond to the so-called hot spots formation. It is clear that such events include extra physics
compared to the Euler equations. They are not considered in the present model and are out of the scope of
this paper.
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Itis worth to mention that in the context of such sophisticated modelling, micro-mechanical models have to
be coupled with a macro-scale model for waves propagation. Such issue has been addressed in Massoni et al.
(1999). The macroscopic multiphase model was composed of the mixture Euler equations. As mentioned in
the same reference, such model could be improved by replacing the macroscopic system by a model closed to
the present one. A first attempt of this type of coupling was done in Gavrilyuk and Saurel [18], in the simplified
situation of inert bubbly liquids with micro-inertia. Further investigations are necessary for the building
of a multiphase model with microstructure valid for ignition, growth and propagation of the detonation.

5. Numerical strategy

In detonation propagation applications, the relaxation processes timescales are very short compared to
the timescales of wave propagation. For numerical stability reasons, direct resolution of this model will
induce small time steps. We propose a splitting strategy to get free of this constraint. The same remark
holds for the mass transfer and chemical kinetics terms that are associated with their own timescales.

A splitting strategy is adopted that insures the stability of each step. Obviously, such strategy is not free
of inaccuracy, but it seems to be the only reasonable procedure in the context of the complex physics we
have to deal with.

The model to solve can be summarized in the following way:

o(aW), 0O(aF), 0(xG), lag OOk lag Ok
L= F"®——+ G —+ Relax(W) + M w 5.1
o + T 3 o TG 6y+ elax(W) + Mass(al), (5.1)
where the various vectors have already been defined except Mass(al¥)
mpooLL L, .
Mass(ocW) = (p—,mk,mkul,mkEIR,mmk> . (52)
IR

As already suggested by Baer and Nunziato [3] and Kapila et al. [22], the variables with subscript IR are
those of the solid phase (IR = 1).

Better estimates for these variables can be obtained with the discrete equations method when each
conventional Riemann problem is replaced at the various interfaces by a reactive Riemann problem [10,19].
Such approach has been developed in LeMetayer et al. [27] in the context of evaporation waves. In our
context, the kinetic relation as well as the EOS being rather complex, the approach based on a reactive
Riemann solver is non-trivial. So we retain the estimates given previously.

Eq. (5.1) is then approximated by a second-order dimensional splitting [37]:

(aW)"? = L,(At)L (Af)L.(At)L,(At)(aW)". (5.3)
Each one-dimensional L (L, or L,) operator is the composition of three operators:
L(At) = Transport(At)(sRelax)(A¢/2)Mass(At/2) (5.4)

Transport represents the one-dimensional hyperbolic non-conservative solver. Relax represents the relax-
ation solver. Mass represents the mass transfer solver.

As explained previously, the relaxation processes can be very fast compared to those of Transport. Then
an equilibrium procedure that assumes that the relaxation timescales tend to zero is applied. An example of
such procedure is given in Saurel and LeMetayer [34]. A detailed review of the optimal different numerical
procedures is given in Lallemand et al. [25]. In particular, the latter paper addresses general EOS, situations
involving a large number of phases and in some specific situations, exact procedures are available.
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The stiffness of the mass transfer appears when the characteristic timescale of the chemical decompo-
sition is very small compared to the characteristic timescale of the transport step. The chemical solver must
be accurate enough to maintain the accuracy of the coupled solution. To successfully integrate a stiff system
of chemical equations, a method with a variable local time step must be employed in order to maintain
accuracy. But the method must not be limited by fast timescales once they have decayed sufficiently.
Additionally, the use of a stiff integrator in a reacting-flow code require the minimum start-up cost. The
solver CHEMEQ?2 meets all these requirements. Moreover, it has been specially designed for the integration
of chemical decomposition in a process-split approach. Mott et al. [30] have recently proposed this method.
It is a predictor—corrector scheme based on a Quasi-Steady-State-Approximation (QSSA). Its accuracy has
been proved to be second order on the overall time step Az. The local time step selection is automatically
managed and its management is the same as proposed in [40].

The two preceding operators Relax and Mass require careful treatment as provided in the cited references.
Analysis of these operators comes out of the scope of the present paper. We prefer to provide more details
about the Transport step in the context of the detonation hydrocode that will be used for the applications.

The basic ideas and formulas necessary for the development of Transport have already been derived in
Section 3. The details of its implementation and extension to second order are now summarized.

(a) Predictor step

(a.1) At each cell boundary, the length of contact is computed by the formulas of Tables 1 and 2 ac-
cording to the local volume fraction gradient. When dealing with an arbitrary number of phases the cor-
responding length of contact are obtained by following the procedure given in Appendix C. The numerical
procedure that follows extends easily to such general situation. For the sake of clarity we restrict the de-
scription to two phases only.

(a.2) In each cell, the primitive variables for the phase k are denoted Vi; = («, p,u, v, p, {¥,,}); ;- At each
cell boundary Riemann problems are solved for each fluid pair (p,q). The convective flux along x/t = 0 is
stored in F*(p,q) as well as each Lagrangian flux along x/¢ = u*(p, q) and stored in F%¢*(p, q).

(a.3) According to the sign of u*(p, q) solution of the Riemann problem, the phase function X} (p,q) is
obtained as well as the jump [X;(p,q)]. Note that for k # p and k # ¢, X/’ (p,q) and the jump [X; (p,q)] are
always zero. The other instances are described in Tables 1 and 2.

(a.4) All the ingredients are now available to estimate the solution at the intermediate time step ¢+!/%:

(“W)’lljl/z - (O‘W)rll,i (ﬁ)';ﬁl/z - (ﬁ)7,i—l/2 _ Flag[Xl]iH/z +Flag[Xl]i71/2

5.5
At/2 Ax Ax ’ (5:3)
F};ﬂl/z = max(0; o, — a?,i+1)Xlii+l/2(17 2)@11/2(17 2) + min(“llq,iﬂ;Ocrll,i)Xr.i+1/2(lv 1)17,-11/2(1, 1)
+ max(0; oA gy — “7,1')X1*‘i+1/2(27 1)1‘:‘11/2(27 1), (5.6a)
)F);j—l/z =max(0; 0], | — “77i)X1fi—1/2(1v 2)F;'*—1/2(17 2) + min(“’f,i? a'llj—l)Xl*,i—l/z(L I)E*—I/Z(L 1)
+ max(0; o, — “'f,i—l)Xl*,i—l/z(zv I)E"_l/z(2, 1), (5.6b)
Flag[Xl]i+]/2 = max(O; (x?,i - a;’,i+l)[X1]f+l/2(17 2)F;1i%/*2(17 2)
+ max(0; oy — O‘Yj)[Xl]:‘:rl/Z(z? 1)E11/2(27 1), (5.6¢)

Flag[Xl]i—]/Z = max(0;af, | — O‘?,i)[Xl]il/z(lvZ)F;‘lfa%;(l»z)
+max (0301, — o, )X (2 DES5(2,1). (5.6d)
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The convective and Lagrangian fluxes are computed as detailed in (a.2) with the initial states of time #":
Fapp.q) = 22V, V}i,,) and Eﬁﬁ(p, q) = APV, V1) In the context of detonation waves, it is
recommended to use a non-linear Riemann solver, such as the HLLC solver of Toro [39] rather than a

linearized one, as the acoustic one used for the continuous limit determination.

(b) Variables extrapolation
(b.1) In each cell, the slope of the primitive variables 5Vk"l+ 2 are computed with a conventional limiter
procedure. Note that o is one of these variables. It means that the cell contains a volume fraction gradient.
(b.2) Extrapolation of the variables on the cell boundary is done in a conventional way as follows:
oV oV

3 and VZHI/z,L =N+ 3

V;:,li—l/lR = V;(nz - (5-7)
from which the conservatives variables are deduced (W), , |, and (W), /1 -

(b.3) From these variables, Riemann problem solutions and the different convective and Lagrangian
fluxes are computed as previously detailed in (a.2). The phase function at cell boundary are also determined
as in (a.3).

(c) Corrector step
The solution is updated by:

n+1 n S\ +1/2 e\ n+1/2 n+1/2 n+1/2 nt1/2
)i = Ny | BF), = (PG, PRl + PRl | e 57)
At Ax Ax Ax ’ '
v t1/2 +1/2 n+1/2 . .
XF\ ) = max(0; OC'I’,H{/ZL - al,i+q/2R)XLi+1/2(172)Fi+1/2(172)
. n+1/2 n+1/2 * *
+ mln(“1,i+{/2k? al,i+{/2L)Xl,i+l/2(l7 1)Fi+1/2(17 1)
n+1/2 n+1/2 « x
+ max(0; o‘1,1'+/1/2R - o‘1,f+/1/2L)X1,i+1/2(2a DEL(21), (5.8a)
—znt+1/2 n+1/2 n+1/2 * *
XF\ ;= max (0; al,i—{/ZL - al,i7{/2R>XLi71/2(172)F;‘71/2(172)
. n+1/2 n+1/2 * *
+ mm(“l,ﬂ/m; OCI,J;—{/ZL)Xl,i—l/Z(L DFZ,5(1,1)
n+1/2 n+1/2 * *
+ max(0; 0‘1;—/1/211 - O‘l;—/l/2L)Xl,i—l/2(2’ DEZ(2,1), (5.8b)
W"H/Z _ 0: o112 /2 1y 1.2)F4e (1.2
[ 1L+1/2 = max( 7dl,i+l/2Lial‘i+1/2R)[ 1]i+l/2( ,2) i+1/2( ,2)
n+1/2 n+1/2 * *
+ max(0; “1:;{/2}2 - alj+{/2L)[Xl]i+l/2(27 1)Fi+1/z(2a 1), (5.8¢)
Frapy, ]2 = 0: a2 U2 N (1 2)FRE (1,2
[ I]H/z = max( 7al,i—l/2L_al,i—1/2R)[ 1]1’—1/2( ,2) i—1/2( ,2)
n+1/2 n+1/2 * lag,*
+max (0o o — 010 T p (2 D (2, 1), (5.:8)
lag n+1/2 _ 0: n+1/2 n+1/2 * 1.2 lag,* 1.2
Flaex] = max(0; e, o — 10 Xl (1, 2)F7(1,2)
12 12 « lag.+
+max (050110 — o ) T 5(2, DES(2, 1), (5.8e)

Within the corrector step, the convective and Lagrangian fluxes are computed as follows F /2(Pv q) =
@g}(VnJrl/z Vn+l/2 ) and Elf?’/*z(l?, q) _ %@(V"H/z Vn+1/2 )

pi+1/2L5 YV gi+1/2R

pi+1/2L7 " q,i+1/2R



The corrector step is a trivial extension of formulas (5.5) and (5.6). Due to the presence of the internal
volume fraction gradient, a correction must be added F'ae [Xl]f“/ ?. The internal Lagrangian flux is

computed as follows: F** (p, q) = %@(V;itll//zm, Vq’?;ll/ /ZZL). This term is explained in Abgrall and Saurel [2].

6. Properties of the discrete hyperbolic operator

We address the issue of numerical stability of the Transport operator, that is its CFL stability condition.
Then, we show that under this constraint, the volume fraction is always bounded.

6.1. Constraint on the time step

The transport step reduces to

n n At * Tk ag,* *
(OCW)I:'—I = (aW)l,i _E< Z ShrH»l ((X F )1 _Fl s [Xl]>[+1/2(qi>ri+1)

qr=12
- Z Sp,-,pq,-(( *Fk)l Flag’*[Xl*]),‘1/2(pi17qi)>' (61)
pg=12

Here g; is the state of the fluid ¢ in the cell i. ;. is the state of the fluid » in the cell i + 1. p,_; is the state of
fluid p in cell i — 1. We note (X*F*), — F¢*[X] = F™™ and 6 = 4! the Courant number.

)y = @), =0 Y Sue

q.r=12
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Fig. 10. Schematic representation of a possible configuration.

F17%(2,2) = F},(2,2) = 0 because the indicator function X; is 0 inside the fluid 2.

(@)es' = S (XW), = O(F5(1,1) = EM5(1,1)) 4 S121(0 — 0(F (2, 1) — FM(1,2))

+821(0 — O(F)(1,2) = F1975(2,2)) 4 Sa22(0 — O(FY)5(2, 2) — F2)5(2,2)), (6.6)
(“W)Z,Tl = Slll((XW)rllrl)m +S121((XW)Y,J;1)121 +S221((XW)71';1)221 +S222((XW)7,71)222- (6-7)

The evolution of the numerical variables ((XkW)',’“)W is given by a numerical projection.

((Xk W)?“)pqr is a Godunov numerical scheme on a fixed grid (see Fig. 11):

Xit1/2
(wysy, =L / XY (1) di, (6.8)
Xi-1/2

’
P Xip12 — Xic1)2

The formula (6.8) is valid as long as the waves coming from the boundaries i — 1/2 and i 4+ 1/2 do not cross
each other during the time step At¢. Thus,

At
omax(ful +¢) <1/2. (6.9)

As Sy11 + Sia1 + S»1 + S = 1, the macroscopic variables o/ at time #'*! are obtained by a convex average
of the variables o/ at time ¢’. Thus under the CFL condition (6.9), we get the positivity of the partial
density. We get the same CFL condition in the other configurations.

t n+l

fludps, |/ sfluidg fluid q

[ rlidr

tn

v

Xi-1/2 Xj Xi+1/2

Fig. 11. Evolution of the variables ((XW)’;YUW in the (x,) diagram.
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6.2. Boundedness of the volume fraction

The volume fraction must be bounded: 0 < o t' < 1. The numerical scheme for the volume fraction is

deduced from (3.23):
i = ot = 0w (1, 2) (i — 1) (= 1) 4 a2 1) s — o) (1)
) (1,2) (s = o) (= 1) w5 (2, D) (o ien — o) (+ 1)}-

We must investigate four cases.
The first case is o, —oy; = 0 and a;; — 0y ;41 = 0.
In this case, the numerical scheme for the volume fraction is:

O‘ﬁ] =y, = 9{—“;/2(172)(0‘1.:‘—1 — o) — “ill/z(laz)(al,i — o)}
that can be written in the incremental form
ot = o (1= 0u ) (1,2) + Ouyy 5(1,2)) + Oul (1, 2)o i1 + Oupyy (1, 2)00 440

Thus according to the Harten’s criteria [19, p. 169], we get

min(“’f,i—lyo‘?,w “’f,iﬂ) < O"El < max(arll,i—N(xrll,i’ OC’II,HI)
if 0<(1—0u,(1,2) 4+ 0u;, »(1,2)) < 1. This condition is fulfilled if the numerical scheme verifies the
CFL condition.
The second case is oy ;1 —oy; = 0 and ay; — oy 41 <O.
In this case, the numerical scheme for the volume fraction is:

oc’l’jl = o, — 9{—14[.*71/2(1, 2) (o1 — o) + u;rl/z(Z, 1) (ot 41 — o)}
that can be written in the incremental form
‘xﬁl =, (1 - Guil/z(lﬁ) + 9”;11/2(% 1)+ euil/z(laz)“l,ifl + 9”;11/2(27 D)oty i1

Thus

mil’l(O(’i’yi_l,OC'i”i, O"f,i+1) < O‘ﬁl < max(fx’f,i—lv o ;s O‘IIE,H—I)
if 0< (1= 0w (1,2) + Au;y, »(1,2)) < 1. Again, this condition is fulfilled if the numerical scheme verifies
the CFL condition.
The two other cases are symmetrical.

7. Validation and test cases

The numerical model for multiphase flows is validated over different problems involving interfaces,
shock and detonation waves in one and two space dimensions. Each feature of the model and method is
tested over a separated effects test and is compared with an exact or experimental solution.

The shock tube test case is used to validate the method for interface problems. The shock propagation into
solid mixtures test is used to validate the thermodynamic properties of the model. Without knowing the
equation of state of the mixture, the shock wave is correctly propagated by using only the pure materials
equations of state and relaxation parameters. Then the calculation of the detonation reaction zone for an



A. Chinnayya et al. | Journal of Computational Physics 196 (2004) 490-538 523

idealized explosive is examined. It is shown that the method computes correctly this wave by comparing the
numerical predictions versus the exact solution. We then consider problems where all these effects are cou-
pled: interfaces, mixture thermodynamics and detonations. The first of these two tests illustrates the model
capabilities in 1D and the second one consider a hypervelocity impact and detonation propagation in 2D.

7.1. Water—air shock tube

The solution of a 1D shock tube problem involving two different phases is presented: the high-pressure
chamber contains liquid water and the low-pressure chamber is filled with air. The aim of this test is to show
that the multiphase model and the numerical method are able to deal with contact/interfaces problems.
When such a test is done with the Euler equations and conservative schemes, since the equation of state
parameters of the two fluids are discontinuous at the interface (Table 3), conventional methods fail at the
second time step. The reason is that an artificial mixture has been created at the interface, for which the
computation of the pressure, sound speed is problematic. This issue has been addressed by many re-
searchers: Karni [23,24], Abgrall [1], Shyue [36], Fedkiw et al. [14], Saurel and Abgrall [32,33], etc. With the
present method, each fluid evolves in its own volume and remains separated from the others even in the
artificial diffusion zones. Moreover, the non-conservative and relaxation terms are able to insure the in-
terface conditions (equality of pressure and velocity). The initial interface that separates the liquid (at left)
and the gas (at right), is set at the position x = 0.7 m, and the total length of the tube is equal to Im. At the
initial time, the thermodynamic conditions of the liquid are: the pressure is 10® Pa, the density is 1000 kg/
m?, and the temperature is 373 K. The pressure of the gas is 10° Pa, its density is equal to 50 kg/m® and the
temperature is 300 K. The right and left chambers contain nearly pure fluids: the volume fraction of gas in
the water chamber is 10~® and vice versa in the gas chamber. This small amount of the minor phase is due to
the multiphase feature of the model.

Because fluids are almost pure here and there the initial interface an exact solution is available and will
be used for analysing the accuracy of the computed results.

The liquid water and the gas are governed by a modified stiffened gas equation of state:
e=¢ —&-fjj’f;; — ‘ifjf—i"f;;. The subscript 0 denotes a standard state. This form allows the calculation of the
temperature of tile different phases, given by the following formula:

PO RPN S (ﬁ)”(M_ CVTO) |
o =Dpo P \po (= Dpo
The various parameters of the EOS are given in Table 3.

Two simulations are performed with a different grid resolution: a coarse mesh with 100 cells while a fine
grid resolution uses 1000 cells. The numerical results are plotted at time 237.44 ps.

In Fig. 12, the main quantities of the flow are plotted : pressure, velocity, mixture density and tem-
perature. A direct comparison with the analytical solution can be made. The mixture temperature is plotted.
The mixture temperature is computed from the relation: 7, = % Whatever the grid resolution the
numerical temperature is free of oscillation. Mesh convergence of the temperature can be obtained, as
pointed by the resolution with the fine mesh. The distance between the interface and the shock being very

Table 3
Parameters of the EOS of liquid water and air for the shock tube problem
P (Pa) v Cy (lkg/K) e (lkg) po (kg/m’)
Liquid 6x 108 44 4180 617 1000

Gas 0 1.4 1000 0 50
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Fig. 12. (a) Exact solution (solid line), 1000 cells (circles), 100 cells (triangles). (b) Mesh convergence analysis for the shock tube test
problem of (a). The lines with the circles represent the Err function associated to the first-order numerical scheme. The lines with
squares are associated to the second-order variant.
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small, the results with the coarse grid cannot be accurate. Computation of the temperature at the interface
is not a trivial issue for interface algorithms. Most methods produce strong oscillations or do not predict
the correct temperature level. This is most times related to conservation errors [29] or to convergence errors
[13]. This may have serious consequences when a chemical reaction takes place at the interface, as with
detonation applications. The present method predicts correctly the temperature on both sides of the
interface.

We have represented in Fig. 12(b) a mesh convergence analysis for this shock tube test problem. The Err
function represented corresponds to the L! norm for the mixture variables (density, momentum and total
energy: p,, = >_(ap);, (pu),, = > (apu), and (pE),, = > _(opE),, respectively). It is plotted versus mesh size
varying over two orders of magnitude.

The slopes of the Err function for the mixture conservative variables are approximately:

e (.6 for the first-order numerical scheme,

e (.75 for the second-order version.

These results are in excellent agreement with convergence analysis performed in the case of single phase
Euler equations [17]. Here, the method has to deal with the presence of an interface, and converges similarly
as conventional schemes used for the Euler equations.

7.2. Waves propagation in chemically inert mixtures

Before studying the propagation of linear or non-linear waves in heterogeneous reactive media, it is
important to check that the multiphase model allows a correct propagation of these waves in the inert case.

Consider first the case of linear waves (i.e., acoustic waves). An asymptotic analysis of similar multiphase
model has been carried out by Kapila et al. (2000) in the limit of fast pressure and velocity relaxation. They
have shown that the equilibrium sound speed ¢, obeys the relation:

1 Olg
= — 7.1
PmCry Pici 7

with p,, = > oy p,. This relation is known as the Wallis sound speed of the mixture and has been validated
by many experiments. Thus, in the limit of fast pressure and velocity relaxation, the present model predicts
correctly the propagation of acoustic wave. It is an important feature regarding detonation waves stability.

Consider now non-linear waves. The two-phase mixture does not admit conventional Rankine-Hu-
goniot relations because the latter relations result from the combination of the conservative, non-conser-
vative and relaxation terms. Thus an analytical validation is very difficult. But the two-phase shock wave
model prediction can be examined by comparing the numerical Hugoniot curve with the experimental one
for a given mixture. Solid alloys mixtures are well documented in the literature [28]. Such mixtures are quite
representative of a frozen sample of solid—gas mixtures as those produced into the reaction zone of a
condensed explosive.

We consider a mixture of solid phases under piston impact. The piston impact is treated here as a boundary
condition. The computed solutions are compared with experimental Hugoniot curves for solid alloys [28].
These experimental data relate the shock velocity Us to the shocked material velocity U, : Us = ¢o + sUj,
where ¢y and s are fit on the experimental Hugoniot curve. Under very strong impact conditions, the solids are
compressible and behave as fluids. In these conditions, the solid alloy can be considered as a multiphase
mixture. So we compute the numerical Hugoniot curve of the alloy with the multiphase model. The
multiphase model only needs the pure material equation of state. Each material is governed by the Stiffened
Gas equation of state with appropriate parameters given in Table 4. Two different alloys are considered: The
first is composed of epoxy and spinel. The second one is brass composed of copper and zinc.

Several unsteady impact problems have been computed with different piston velocity conditions. For
each 1D unsteady multiphase run, the shock velocity Uy is determined, by examining for example the
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Table 4
Parameters of the EOS of the different pure fluids
Density (kg/m?) y D~ (GPa)
Copper 8924 4.22 324
Zinc 7139 4.17 15.7
Epoxy 1185 2.94 32
Spinel 3622 1.62 141.0

pressure profiles at two successive instants. It is then plotted with the corresponding material velocity U, in
Fig. 13. Each point of the numerical curve corresponds to a 1D run. These numerical data are compared
with the experimental Hugoniot curve. An excellent agreement can be noted between both experimental
and numerical data.

The multiphase model predicts the shock propagation as a result of the pure fluid EOS and relaxation
processes between the phases. In a certain sense, it builds an “appropriate mixture EOS” and is free of
adjustable parameters. This test shows that the model is able to predict the hydrodynamic behaviour of an
arbitrary mixture without use of any mixture equation of state: only the pure materials equations of state
are necessary.

7.3. Computation of a detonation reaction zone

The ability of the multiphase model to account for chemical or mass transfers is now examined through
the following 1D simulation.

The impact of a high velocity projectile onto an explosive is considered. The shock wave is transmitted to
the explosive and transits to a detonation wave that propagates through the energetic material. From the
shock front (Neumann spike) chemical reactions occur until the point moving at the sonic velocity in the
frame of the shock (CJ point). The flow variables into the reaction zone are compared with the exact ZND
solution provided in Fickett and Davis [15]. The comparison between the exact and the numerical results
can be performed only in the reaction zone that corresponds to the validity domain of the ZND model.

The multiphase model involves two different phases: a solid phase (the explosive) and a gaseous phase
(detonation products). In order that the ZND solution be compared with the multiphase numerical results,
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Fig. 13. Uy vs. Up: numerical (lines) and experimental (points) shock Hugoniot curves Left: Copper—Zinc mixture (brass) with an initial
zinc volume fraction of 0.29. Right: Epoxy—Spinel mixture with an initial epoxy volume fraction of 0.595.
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both phases are assumed to obey the same equation of state that is to say the ideal gas law, p = (y — 1)pe,
with a polytropic coefficient y equal to 3.
In this specific case, the mass transfer terms for the reactive material are:

Massexplo(“W) = (’/hexplo/pexp]m ’hexploy mexplouexploa mexploEexplo)

and for the detonation products: Massyq (/) = —Massexpio ().

The term grea is the value of the combustion heat release: ge.ce = 4.5156 MJ /kg. The mass transfer is
given by ritexpio = —ky / (PmOexploPexplo) With & = 2.10° s and p,, = >~ oy p, is the mixture density.

Initially, the pressure is set at 1 bar and the densities of both phases are equal to 1600 kg/m’. The
computational domain is filled with the solid phase. But because of the multiphase feature of the model, a
small amount of the gaseous product is also present, with a volume fraction o, = 107°. The piston velocity
is 1000 m/s.

The total length of the domain is 0.3 m. One thousand cells are used, with a constant length (3.3 cells/
mm). For convenience, the time step is constant and equal to 2.33 x 10~ s. The numerical solutions are
plotted after 1400 time steps.

From the unsteady calculation the numerical velocity of the detonation front (8486 m/s) is compared
with the analytical one, i.e., 8500 m/s. From a magnified view of Fig. 14, not depicted here, the measured
reaction length is 5.2 x 10~3 m while the exact one is 5.3 x 10~° m.

In Fig. 14, the numerical pressure and velocity are plotted with solid lines while the exact solution in the
reaction zone is plotted with symbols. The Neumann spike and the Chapman-Jouguet point are well
captured by the numerical method. The numerical solution (lines) converges to the exact one (symbols) in
the reaction zone. This good agreement is also observed for the mixture density in Fig. 15.

In Fig. 15, the phases density is also plotted. Some spurious oscillations are visible around x = 0.03 m.
They are due to the well-known overheating problem [13]. For the present test, these oscillations have no
consequence on the calculation of the reaction zone. This test shows that the fluid densities are not in
equilibrium. This is not surprising the combustion releases energy to the gas, increasing its temperature. As
the fluids are in pressure equilibrium and out of equilibrium for the temperatures, they must have different
densities. This remark also shows that the use of a thermodynamic equilibrium assumption for the building
of a mixture equation of state in the context of the reactive Euler equations may lead to large errors.
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600 : : : : : 4500 : :
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Fig. 14. Comparison of computed pressure and velocity profiles for a self-sustained detonation waves with the exact solution of the
ZND problem.
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Fig. 15. Comparison of computed mixture density for a self-sustained detonation waves with the exact solution of the ZND problem.
The computed phases densities are also shown.

7.4. Detonation wave in a condensed energetic material

The multiphase model is used to predict the detonation properties of a multicomponent condensed
energetic material through a one-dimensional simulation. This material is initially a mixture of different
chemical compounds: CHNO, ammonium perchlorate (AP) and aluminum particles. The complete de-
composition chemical scheme is summarized hereafter:

C,H;N,O; — §N2 + dH,0 + <§ - d> H, + aC, (R1)
NH,CIO, — 1.5H,0 + 0.5N, + 1.250, + HCl, (R2)
C + 02 — COz, (R4)
2H, + 0, — 2H,O0. (RS)

The molecular coefficients of the CHNO molecule are: a = 10.83, b = 18.61, ¢ = 5.47, d = 5.90. The co-
efficients in the reaction (R3) are: K3 = 0.1 and J; = m

This chemical scheme is due to Baudin et al. [5] and involves several reactions rates. For such type of
solid—gas mixtures, the building of a mixture equation of state is not possible or not accurate as explained in
the introduction. We consider each phase as a multi-component mixture governed by a mixture EOS. But
the overall solid—gas mixture is treated as a separated flow.

The reactive material is governed by a multi-component Mie-Gruneisen equation of state (Appendix B)
whereas the detonation gaseous products are governed by a multi-component H9 equation of state (Ap-
pendix A). Considering the jth reaction involving the ith species that can be into the condensed or gas
phase, the chemical mechanism can be written in the form

Ny+Ng Ny+Ng

Z v;/X,« — Z v;;X,- forall j=1,..., Neac-
i=1 i=1
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N; and N, are the total amount of chemical species in solid and gaseous phase, respectively. Ny i the total
number of chemical reactions. [X;] is the species volume concentrations of the ith component. The rate of
change of the different compounds must be now modelled. The products being in a solid state, a pressure-
dependent relation is generally used. Then, the time variation of the concentration is given by:

. Nreact V/f- — V’“ NE+NS j
- 5500 (o)
j=1 J

with 7} is a function of the relaxed pressure:

1 D
— = A"
,(po)

<L

A;, po and n are parameters that depend on the jth reaction. There is no difficulty to obtain the expression
of the mass transfer:

Nreact V/[ — v/“ Ns ﬂj NS [;ﬁ
=y (H (o))" TT ((o0), %) )
J

ks=1 kg=1

The values of the different parameters can be found in Baudin et al. [6]. They are summarized in Table 5:
In the computations, the condensed explosive has the initial density of 1800 kg/m?* and is impacted by a
projectile at a velocity equal to 400 m/s. The multiphase model necessitates that initially a small amount of
gas exists in the computational domain. We suppose that some gaseous water is present with an initial gas
volume fraction of 1073, The explosive is initially at rest under atmospheric conditions.
The length of the domain is equal to 1 m. The number of numerical cells is equal to 1000. The time step is
equal to 0.5 CFL.

Table 5
Kinetic parameters of the chemical scheme (R1)-(R5)
Reaction index j A4; (s7h Reaction order f/
1 1 x10° Perno =1
D) 0.085 x 10° Bxncio, =1
3 0.075 x 10° Bar=1,Bu,0 =1,Bco, =1
4 1 x10° Bc=1po, =1
5 1 x10° Bu, =1,B0, = 1/2
Pressure (10° Pa) Mixture Density (kg /m®)
400 2800
350
2600
300
2400
250
200 1 2200
150 1
// /4/ 2000 ;
100 1
1800
50 1
0 1600
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Fig. 16. Pressure and mixture density profiles at different times.
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In Fig. 16, the pressure and the mixture density profiles are plotted for different times. The stable det-
onation wave is obtained at x = 0.7 m.

The specificity of the chemical composition leads to a partial decomposition of the reactants. In Fig. 17,
profiles of solid and gaseous phase volume fraction are plotted when the detonation wave is stable. Up-
stream the CJ point, there is a two-phase mixture made of around 30% of gas and 70% of solid: this point
also shows that a multiphase description is necessary.

With the multiphase model proposed, the composition of each phase is accurately determined. In
Fig. 18, the different mass fraction profiles of the chemical species in each phase are plotted. A magnified
view of the reaction zone is presented. In the solid phase, three characteristics times associated to three
chemical reactions can clearly be seen. The CHNO decomposition is very fast and complete. This reaction
produces the necessary chemical species as well as the pressure and temperature conditions to initiate the
two other reactions. The entire AP burns on a larger timescale. On the contrary, the aluminium is not
totally burnt and the final solid mixture is made of aluminium and its oxide. The evolutions of the various
species clearly show that a thermodynamic equilibrium computation and the derivation of reduced equa-
tion of state for the gas phase, as well as for the condensed is not possible. It is the reason why theoretical
equations of state are used (Appendices A and B). Their use necessitates the determination of the various
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Fig. 17. Solid and gas volume fraction.
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Fig. 18. Mass fractions of the solid and of the gaseous products.
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species concentrations as well as the thermodynamic variables in each phase. This justifies the use of the
multiphase model.

7.5. Two-dimensional detonation simulation

In this section, a two-dimensional simulation is presented and shows the ability of the model to predict
the behaviour of practical systems. A projectile moving in the air impacts a tank made in copper, containing
a liquid explosive (nitromethane). The detonation propagation will increase the pressure in the tank until
complete destruction. A schematic view of the system is presented in Fig. 19. In addition to the propagation
of the detonation wave, some specific problems appear: they are related to the contact/material interfaces,
traction/cavitation of solids, temperature dependence of the chemical mechanism. These phenomena are to
be involved in the model.

Four different phases (and as many EOS) are necessary for the present computation: one for the air
(ideal gas), one for the copper (stiffened gas), one for the liquid NM [11] and the fourth for the gaseous
detonation products (JWL, [26]). All equations of state and chemical kinetic parameters are provided in
Baudin et al. [7] following the experimental facility and methods presented in Serradeill et al. [35].

The initial conditions correspond to a system at standard conditions, only the projectile has a velocity
equal to 1930 m/s. The volume fraction of each phase is at least equal to 10~ if it is a minor one at the
location considered, about one otherwise.

The physical length of the domain is 78 x 10~ m, and the half-height is 50 x 10~* m. The mesh used here
is a 100 x 50 cells and the total CPU time is about 5 h on a 2 GHz PC. The time step is restricted to 0.2 CFL
because of the chemical stiffened of the Arrhenius laws of nitromethane. In Fig. 20, the mesh is shown. The
mixture density seems to be the more pertinent quantity to appreciate the different steps of the overall
phenomenon. Its evolution is depicted in Fig. 20.

In Fig. 20(a), the initial mixture density is plotted and one can easily recognize the wall tank and the
projectile. In the next view, the moving projectile has penetrated the envelope, which is deforming. The
initial shock wave is now transmitted to the liquid explosive. In Fig. 20(c), a curved detonation wave is
observed which propagates in the liquid. One can also see in this figure, that a very low-pressure zone inside
the projectile. This is due to the 2D rarefactions wave that reflects from the free boundaries of the projectile.
Focusing of this wave onto the axis leads to an expansion/traction of the copper as it is described in
Thouvenin [38]. In Fig. 20(d), the detonation wave has reached the upper wall. This interaction has am-
plified the front curvature: lateral expansions induce front curvature. It is noticeable that the left wall above
the projectile has a motion toward the left: it is due to the pressure difference between the inside and the
outside of the tank.

Confining Material

(Cu)
4mm
50 mm
Projectile < >
(Cu) i
; Air
y Explosive 20 mm
X Symmetry axis

Fig. 19. Presentation of the system simulated by a two-dimensional calculation.
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Fig. 20. Grid and evolution of the mixture density in the two-dimensional case.

8. Conclusion

Two important issues have been addressed in the present paper:
e the computation of macroscopic material interfaces and,
e the thermodynamic modelling of condensed explosives.
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These two challenging problems have been solved with a generalized multiphase model and resolution
method. It was important to consider these issues in a general framework since the detonation dynamics is
always coupled with surrounding materials through their interactions at material interfaces. To succeed in
this task, the discrete equations method (DEM) of Abgrall and Saurel [2] has been the subject of important
extensions:

e The averaging method has been revisited and re-interpreted in terms of geometrical averages only. No
stochastic average is used.

e The flow topology has been chosen as representative of the granular mixture. By deriving the discrete
model for such topology a model be valid for material interfaces as well as for packed solid granular
beds has been obtained. The continuous limit of this discrete model has also been determined and anal-
ysed. It has provided relaxation coefficients that generalize the conventional formulas. These coefficients
prove that the model is suited to fluid mixtures evolving essentially under a single velocity and pressure,
in the context of the very high pressure conditions of detonation physics. The same analysis provides
estimates for the interface pressure and velocity. The resulting thermo-mechanical model is closed and
is free of parameter.

e The multiphase hydrodynamic model, used for detonation wave propagation is free of mixture equation
of state. Only the pure materials equation of state are necessary. They require the solid and gas chemical
compositions, that are determined.

The model is shown to obey a dissipative inequality.

Applications involving detonations in condensed material involve several fluids: the condensed phase,

the gas products, a solid or liquid phase representing the surrounding material, the ambient air. Our

strategy is to solve the same equations everywhere, with the same numerical method. In this context,
the model needs to be extended to an arbitrary number of fluids. Both model and numerical method have
been extended in this direction.

e The method has been extended to 2D and several validation problems have been examined.

The main perspective of this work is to model micro-structural effects that occur during shock initiation
of condensed energetic materials. When a shock wave propagates through a granular material, part of the
energy is focused into micro-structural defects and the micro-mechanical motion accompanied with dis-
sipation at the same scale forms so called “hot spots”. Modelling the effects at this scale poses difficulties, as
well as the coupling between micro-scale events to the wave dynamics at the macro-scale. This topic has
been addressed in Massoni et al. (1999). The macroscopic model was composed of the mixture Euler
equations and the microscopic one was based on visco-plastic pore collapse equations. The macroscopic
model could be improved by employing the approach developed herein. Such issue has been addressed by
Gavrilyuk and Saurel [18] in the simplified situation of non-reacting bubbly liquids.

Appendix A. The multi-component H9 equation of state for the gas products

The H9 equation of state is a multi-component equation of state used to describe gaseous detonation
products. It is a fifth-order virial expansion, specifically developed for detonation of CHNO-type explo-
sives. The pressure is given by

P, R Tyo(x)

= —p o\X

EoMEETT

where x = Qp, T, g‘l/ Sand Q=k> ko1, A%lkg and ¢(x) is a fifth-order polynomial.In these expressions,
Yie» My and [, are the mass fraction, the molar mass and the covolume of the kgth gaseous species, k is an

adjustable parameter (k = 63.5 x 10~ mol/m’), R the Avogrado constant (R = 8.314 J/K mol) and M, the
molar of the gas mixture.
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The internal energy is given by:

R _ox)—1

ey = €y0(Z) +A7ng()T>
where e,0(Z) = >, Yig(@1gZ® + by Z + ¢4,) and
1, i 7, < 1200 K,
Z{QQ+2%%?Q if 7, > 1200 K

The {axg, big, Cig i1, v, are fitted coefficients [20].
The sound speed of the H9 equation of state is given by

Py _ Oeg
2
6'2 = % ie cz = % % pg apg TasYig
g s g
dpg Mg Veg @pg Ty Yig 0T, PeYig 67;%
& lpg,Yig

Appendix B. Multi-component Mie—Gruneisen equation of state for the solid reactant

A multi-component equation of state has been built in order to reproduce the behaviour of heteroge-
neous condensed materials under shock waves from the various thermodynamic parameters of the various
components.

The equation of state can be written under the following form:

ee=e'+CT, and P =P’ +(I'p,)CT,
where I' = I'({Y,}) is the Gruneisen coefficient and C, = >, ¥;,C,, the specific heat at constant volume of

the multi-component solid and C, , is the specific heat at constant volume of the ksth component of the solid.
The first part of the internal energy ¢” is given by the relation

eg = e(s)l (p7 {Y/»V}) + egz(l’a {Yks})

with €% (p, {¥is}) = Y Yiseh + O(p, {¥is}), O is a rational quotient function of the solid density
and of its mass fraction. The second function reads €% (p, {¥i}) = —C,To exp(I'x(p)) with x(p) = =8,
The pressure P? is defined by P? = P + PY with

0e’ LY

PSO = — s1 and PS0 =— s2 .

: o(1/p) Iy, 2 A(1/p) |y,

The sound speed for the multi-component solid is therefore
P, Oe

,  dR p: 0 Ipy,

c, = ="
dp S g, Vs %
O, s Yes

Appendix C. Determination of the contacts surfaces at the cells boundaries for an arbitrary number of fluids

We have developed in Section 3 and summarized in Tables 1 and 2 the calculation method for the
contact surfaces at the cells boundaries for mixtures involving two phases only. We now develop the cal-
culation procedure in the case of a multiphase mixture.
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At a given cell boundary each fluid occupies on the right and left sides a fraction of the cross section. We
denote this surface fraction S, g and S, 1, where the index & represents the phase and the subscripts R and L
the right and left sides respectively, relative to the cell boundary.

These surface fractions are defined by: Sy g = X, = Aly foAka dy.

In the following procedure, these surface fractions are assumed equal to the volume fractions: S, = .

Let us first examine the particular case of two phases first. The method proceed as a recurrence process in
which the initial data corresponds to the left and right surface fractions with respect to the cell boundary
(i — 1/2 in this example):

S =oir, SR =y,
(0)

0 0
527 = 02,1, S;l){ = 0,
The superscript (0) represents the initial state of the recurrence procedure. To proceed to the next step,
some kind of continuity assumption has to be formulated in each phase. We assume that each phase has the
maximum possible contact surface with itself. This maximum contact surface cannot exceed the smallest of
the two surfaces of a given phase present at the cell boundary. This assumption provides the first two
contact surfaces at the cell boundary:
- ol0) o0 - a(0) o0
S = mm(Sfi,Sl(‘l){) and Sy» = mm(SéL),S;l){).

From this result, the remaining available surfaces on the right and left sides of the cell boundary are readily
obtained. It determines the next step of the recurrence formula:

The contact between two surfaces will occur necessary with the smallest of the two remaining surfaces:
Sp = min(Sf}ﬁ,Sé}ll) and Sy = min(Sé}ﬁ,Sf}l){).

These results are summarized in Table 6:

It can be easily checked that Sy; + S;2+ 821 +S» =1 as well as Sy + 812 = o215, S+ Si2 = 021,
Si1 + 821 = ay; and Sy + Si2 = az;. These results are the same as the ones proposed initially in Table 2.

We now examine the case with three phases. As previously the initial data corresponds to the left and
right surface fractions with respect to the cell boundary:

Sy =min(S\7, %), S»=min(S},S%), S = min(S{}, S1R).
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Table 6

Contact surfaces at cell boundary (i — 1/2) for a two-phase mixture
Contact type Contact surface
1-1 Sio=min oy, 01,)
1-2 Si2 = min(oy iy — Sy, 07 — Sn2)
2-1 Sy = min(o; — Sy, %21 — S»2)
2.2 Sy = min(e,;-1%,)

We now need another assumption associated with the mixture topology. A “priority’’ has to be defined for
the contact of the various phases. Imagine that phase 1 is the solid reacting phase, phase 2 its reaction
product and phase 3 an inert phase. It is legitimate to give a priority to contact between the solid phase and
its reaction products. But the contact surface between these two phases cannot exceed the smallest of the
two surfaces present at the cell boundary. Thus,

S = min(Sf,lL),Sé,ll){) and S = min(SéfL),Sf}l){).

We then deduce:

From which the remaining contact surfaces are deduced: Sj; = mln(Sl( ﬁ, ngl){) Sy = min(Sf]z, S;Zl){),
Sy = min(S$,8%), S = mln(SfE,S ). These results are summarized in Table 7.

This procedures shows certain degrees of freedom for the choice of these contact surfaces, provided that
the various saturation constraints be fulfilled.

Table 7 gives an example when the contact of the phases with themselves is the first priority, and when
the contact between the reactive material and its products is the second priority.

From this observations, a general recurrence procedure can be proposed. It necessitates the definition of
contact priorities at each step m of the recurrence process between two phases: phase £ and its priority phase
py during step m.

Example: Preceding system with 3 phases.

m=0, p'=1, pf=2 and p}=3
Table 7

Contact surfaces at cell boundary (i — 1/2) for a mixture with three phases: phase 1 is a reactive material, phase 2 its reaction products
and phase 3 an inert material

Contact type Contact surface
- S = min(“],i—lya].i)
= Sip = min(oy ;-1 — Sip, 02 — Sn)

(

Sor = min(oty; — Sii, 00,21 — Sn)

Szz = mil’l(Oh, 1s O(z,)

Si3 = min(ﬂflx 1= 81— S, 03 — 513)

Sr3 = min(o—1 — o — Sar, 03, — S33)
(
(
(

S31 = min(o3,-1 — 833,00, — Siy — Sa1)
Sz = min(oz,; 1 — S35, 0, — S» Slz)
S33 = min(o3,, 03,-1)

wwwl\)»‘—-mwv—‘»—a
W N = W W == =
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1
m=1 p =2,

m=2 pi=3 and p;=3.

From these priorities, the contact surfaces at the cell boundary are computed at each step by the formulae:

J— 1 m m —_ 3 m m
Sk,p;' = min(S},, P/T’R) and Sp;',k = min( L k,R)'

The remaining surfaces at the next step of the recurrence procedure are obtained by:
m+1 __ om m+1 __ ¢om
S =SeL — Skpp and Sz =S'r — Spp k-

It must be checked at the last step (m = 2 here) that all S}"f 'and S,':fg‘ are zero.
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